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Abstract
We establish a Lie theory for singular subalgebroids, objects which generalize singular foliations
to the setting of Lie algebroids. First we carry out the longitudinal version of the theory. For
the global one, a guiding example is provided by the holonomy groupoid, which carries a natural
diffeological structure in the sense of Souriau. We single out a class of diffeological groupoids
satisfying specific properties and introduce a differentiation-integration process under which
they correspond to singular subalgebroids. In the regular case, we compare our procedure to the
usual integration by Lie groupoids. We also specify the diffeological properties which distinguish
the holonomy groupoid from the graph.
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Introduction
Subject of the paper
A coarse description of the subject of this paper is the Lie Theory of some very singular dynamical
systems. They were introduced in [27], as singular subalgebroids, and were shown to encompass
an abundance of examples. Our primary purpose here is to develop a theory of integration1 for
such objects. To this end, first let us recall the definition of singular subalgebroid, as well as the
constructions given in [27].
Definition. Let A be a Lie algebroid over the manifoldM . A singular subalgebroid is a C8pMq-
submodule B of (compactly supported) sections of A, which is locally finitely generated and involutive
with respect to the Lie algebroid bracket.
• Note that B is quite generic as a C8pMq-module; in particular it may contain sections which
vanish to a prescribed order at certain points of M . To explain this, take A “ TM and a
singular foliation F in the sense of r2s. Vectors in TM represent only first order differential
equations, but sections may represent higher order ones. For instance, in the case M “ R; the
module F generated by the vector field x2Bx vanishes to order 2 at zero. More generally, vectors
of any vector bundle A over M (thanks to the Serre-Swan theorem these are equivalent to
localizations of elements of a projective C8pMq-module) represent only first order differential
equations, but sections may represent higher order differential equations. In other words,
the definition of B is designed for Analytical purposes much more than Algebraic ones. In
particular, it is designed so that singularities of any order fit in (hence the justification of the
term “very” singular for B). In general, the C8pMq-submodules B of ΓpAq we are looking
at are not necessarily projective; they may admit a projective resolution though, possibly of
infinite length.
• Also note that the notion of singular subalgebroid is a relative one, since it depends on the
ambient Lie algebroid A.
• In fact, the notion of singular foliation pM,Fq from [2] is our guiding example of singular
subalgebroid, where the ambient Lie algebroid is TM . Recall that TM can be integrated by
more than one Lie groupoid, for instance the fundamental groupoid and the pair groupoid.
In [27] it was noticed that the holonomy groupoid HpFq constructed in [2] really takes into
account one more choice; that is, the choice of Lie groupoid integrating TM . Indeed, to every
triple pB, A,Gq consisting of a singular subalgebroid B of a Lie algebroid A and a choice of Lie
groupoid G integrating the latter, [27] attached a topological groupoid HGpBq. In the case of
a singular foliation, applying this construction to pF , TM,M ˆMq recovers HpFq. In fact,
HGpBq ought to be thought of as a holonomy groupoid, because it is a kind of pullback of a
holonomy groupoid for a singular foliation on G.
• One understands that the integration problem for singular subalgebroids is even more relative
than their definition: One not only needs to prescribe the ambient Lie algebroid A, but also a
Lie groupoid G integrating A. In fact, HGpBq comes together with a morphism of topological
groupoids Φ : HGpBq Ñ G, and in the special case of wide Lie subalgebroids, the same is true
for the integrations in the sense of [22].
1Here “integration” is taken in same sense as a Lie group is an integration of a Lie algebra.
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As we said in the beginning, the purpose of this paper is to provide a definition of integration in
this very general and very singular context, and show that our notion is an adequate one. Such a
task is not easy, because in order to make sure that the definition produces reasonable descriptions
(theorems), one first ought to envisage the traits that this definition should have.
Let us make some general considerations in a different context. First, the established notion of
integration (by Lie groupoids) concerns Lie algebras and Lie algebroids, which do not present the
kind of singularity we have in the case of singular subalgebroids. Even though the context is not
identical – those classical objects do not have the relative nature that singular subalgebroids have
– it is clear that the notion of integration we are looking for ought to include more general objects
than Lie groupoids. On the other hand, we explained that the nature of singular subalgebroids
is quite parallel with singular foliations. Elaborating further on these two observations, we also
envisage the following about the integration problem:
• Even though we will not address it at all in this paper, consider again the classical integration
problem for a Lie algebroid A over M . Recall that in [8] a source-simply connected topological
“monodromy” groupoid MonpAq was attached to A (analogous to the fundamental groupoid),
and the topological obstructions for it to be smooth were given. If we know a priori that
a Lie groupoid G exists which differentiates to A, then these obstructions vanish. However,
even when these obstructions vanish, there may be quotients of MonpAq which are not Lie
groupoids, but which as quotients of a Lie groupoid carry a nice diffeological structure. Recall
[24] that diffeology generalises the notion of smoothness. Although we will not address the
following question in this paper, it is natural to wonder if the diffeology can be used to differ-
entiate (in a suitable sense) these quotients to A as well. This would enlarge the integration
problem beyond the smooth category. This question is closely related to the integration ques-
tion for Lie-Rinehart algebras endowed with suitable extra structure (what is left of a singular
subalgebroid after one forgets the ambient Lie algebroid), which is addressed in a special case
in [12].
• From the point of view of foliation theory, let us recall the regular case, namely a constant
rank involutive distribution F on M . The “largest” (source simply-connected) integration of
this Lie subalgebroid of TM is the monodromy groupoid. The holonomy groupoid HpF q is a
quotient of the monodromy groupoid. In terms of category theory, HpF q is a terminal object
among all integrations of F , namely the adjoint integration, which means that it is a minimal
integration in some sense. On the other hand, HpF q also quotients to the graph RpF q of the
foliation. Note that both the holonomy groupoid and the graph can be constructed in the case
of singular subalgebroids. In general, as far as adjoints are concerned, the integration problem
for general Lie algebroids is very different from the integration problem for the special class
of regular foliations. We will discuss this in §3.3.
This leads us to the following specific questions, which we address in this paper:
a) Is the notion of diffeology appropriate for the definition of integration we are seeking for
singular subalgebroids?
b) If so, does the notion of diffeology provide a way to distinguish the holonomy groupoid of a
singular subalgebroid from its graph, as far as integration is concerned?
We will show that for both questions the answer is positive.
4
Results
Since we wish to address the integration problem, let us start with a triple pB, A,Gq consisting of a
singular subalgebroid B of a Lie algebroid A and a Lie groupoid G integrating the latter. It turns
out that integration can be understood in two ways:
• Longitudinally : Applying the anchor map of A to B we obtain a (singular) foliation FB on
the underlying manifold M . Even though B is a singular object, over every leaf L of this
foliation it induces a transitive Lie algebroid BL. We show in §2 that this Lie algebroid
is always integrable. Further, the restriction of the holonomy groupoid HGpBq to the leaf
L is a Lie groupoid integrating it. Whence, we can differentiate HGpBq “leaf by leaf” to
obtain Lie algebroids that are “restrictions” of B to each leaf. Notice that there is a loss
of information passing from B to the collection of transitive Lie algebroids over the leaves,
hence the longitudinal integration we just described cannot be expected to provide a global
integration of B.
• Globally : For the global integration a new approach is needed. It turns out that the center of
focus is the specification of the correct notion of smoothness for the integrating groupoids. In
the approach we propose, the integrals of singular subalgebroids are groupoids endowed with
a specific diffeology. This was already announced in [27], and diffeology in the context of the
holonomy groupoid was later used by other authors [12] [19] [20]. We elaborate on this below,
in the rest of this introduction.
A special case occurs when the singular subalgebroid B is projective, i.e. it consists of sections
of a Lie algebroid B over M , which comes with an almost injective morphism τ : B Ñ A. We
show in §3, building on work of Debord [9], that the Lie algebroid B is always an integrable Lie
algebroid. Further, the holonomy groupoid HGpBq is a Lie groupoid integrating B, and the
canonical morphism Φ: HGpBq Ñ G integrates τ : B Ñ A. The global integrals we associate
to B encompass all the Lie groupoids integrating B, as we explain in the Theorem below,
and it is an open question whether they also include non-smooth integrals. This applies in
particular when B corresponds to a wide Lie subalgebroid.
We explain our approach to the global integration question. The first step is to get a grasp on
differentiation. The holonomy groupoid HGpBq provides a guide, since one certainly expects to be
able to recover B from it. Hence we ask:
I) In what sense does HGpBq differentiate to B?
The “link” between the holonomy groupoid and the Lie algebroid A is provided by the canonical
morphism Φ: HGpBq Ñ G. The special case of wide Lie subalgebroids suggests the following, which
is indeed a true fact: B is recovered as the (compactly supported) elements of"
d
dλ
|λ“0pΦ ˝ bλq : tbλuλPI family of smooth global bisections for HGpBq s.t. b0 “ IdM
*
.
An important point is to make sense of “smooth” above. This is done using the natural diffeological
structure on HGpBq (recall that HGpBq is a quotient of a disjoint union of manifolds).
We point out that here we are using two well-known and fundamental ideas about integration. First,
a global integration question was considered by Souriau: Given a compact manifold M , in what
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sense can we apply the Lie functor to the group of diffeomorphisms DiffpMq in order to obtain the
Lie algebra XpMq of vector fields? Souriau achieved this differentiation by introducing the notion
of diffeology in [24].
The second key to the differentiation of HGpBq comes from H. Abels [1, Appendix], who showed
that in order to recover the infinitesimal information (the Lie algebra) one just needs to make good
sense of 1-parameter families, and this can be done even when we work with just a topological
group. In fact, this idea can be traced back to Palais.
In §5, guided by the above example of the holonomy groupoid, we single out a class of objects
that give rise to singular subalgebroids by a differentiation procedure. They are given by pairs
pH,Ψq where H is a diffeological groupoid [15, §8.3] and Ψ: H Ñ G a morphism covering IdM ,
subject to certain conditions modelled on the properties of the holonomy groupoid. Our approach
is minimalistic, in the sense that the properties we require are the minimal assumptions under
which we were able to extract a well-defined singular subalgebroid from our data. This leads to
the definition of differentiation (Definition 5.3). The above groupoids do carry bisections, and their
diffeological nature allows us to speak about smooth, 1-parameter families of bisections; in the
context of groupoids, this is the appropriate analogue of 1-parameter groups of diffeomorphisms (cf.
[21]). As expected, HGpBq differentiates to B in this sense.
Diffeological groupoids occur in several contexts in the literature, including general relativity [6] and
higher Lie theory [7][23]. We emphatize that in this paper we only consider diffeological groupoids
whose space of objects is a smooth manifold and which come together with a morphism to a Lie
groupoid. This simplifies many of our considerations and allows us to avoid some technical aspects
of the theory of diffeological spaces (for instance, we never have to address their tangent spaces).
We can finally address the global integration question:
II) What is the correct notion of integration for a singular subalgebroid B?
Our answer is more refined than just pairs pH,Ψq with the expected requirement that they differ-
entiate to B: we impose two more conditions that make the notion of integration as well-behaved
as possible, while retaining all the desired classes of examples. We paraphrase Definition 6.1.
Definition. Fix a triple pB, A,Gq consisting of a singular subalgebroid B of a Lie algebroid A and a
Lie groupoid G for A. Let H be a diffeological groupoid over M , and Ψ: H Ñ G a smooth morphism
of diffeological groupoids covering IdM . We say that pH,Ψq is an integral of B over G if:
a) pH,Ψq differentiates to B (Def. 5.3).
b) The diffeology of H is generated by open maps (Def. 4.24).
c) The morphism Ψ is almost injective.
Notice that we adopt the terminology “integral”, to distinguish this notion from the usual integration
by Lie groupoids. To test the validity of our notion of integral, we apply it to the main classes of
examples. We summarize the results as follows (Thm. 6.19, Prop. 6.6, Prop. 6.17, Rem. 6.18);
notice that items ii), iii), iv) are in increasing order of generality. Here we use the term “smooth
integral” to denote integrals that are Lie groupoids.
Theorem. i) For any singular subalgebroid B, the holonomy groupoid is an integral.
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ii) When A is a Lie algebra (thus B “: B is a Lie subalgebra), the integrals of B are all smooth.
The integrals of B over G are exactly the Lie groups covering the connected Lie subgroup of
G integrating the Lie subalgebra B.
iii) When B “ ΓcpBq for a wide Lie subalgebroid B, the smooth integrals coincide with the inte-
grations of B in the sense of Moerdijk-Mrčun [22].
iv) A singular subalgebroid B admits a smooth integral iff it is a projective, i.e. B – ΓcpBq for
a Lie algebroid B. The pair pHGpBq,Φq is a smooth integral of B over G, and further it is
the minimal smooth integral: the smooth integrals are exactly the coverings of the holonomy
groupoid.
To put item iii) into context, we recall that the theory of integration of wide Lie subalgebroids B
of A was developed in [22]. Fix a Lie groupoid G integrating A. Moerdijk-Mrčun show that there
exists a family of Lie groupoids H, whose Lie algebroid is B, which come together with Lie groupoid
morphisms Ψ: H Ñ G integrating the inclusion B ãÑ A. Further they show that there is a minimal
such Lie groupoid H, which they call “minimal integral of B over G” (it agrees with the holonomy
groupoid).
We finish with a few comments about the holonomy groupoid.
• For the holonomy groupoid, the openness property in the above Definition is implied by a
kind of submersive property for the plots of the diffeological structure, which is called “local
subduction” and we recall in §4.4.3. The investigation of a submersive property was suggested
to us by Georges Skandalis. It has independent interest, in view of the construction of operator
algebras from diffeological groupoids, which are interesting in Noncommutative Geometry.
However we do not address this here.
• One can also consider the graph of B, a set-theoretic subgroupoid ofG. It is defined analogously
to the graph of a foliation, which is the collection of pairs of points belonging to the same
leaf. The graph is quite a coarse object, but as a quotient of the holonomy groupoid HGpBq
(actually also of every integral of B) it carries a diffeological groupoid structure, which turns
out to differentiate to B. We explain in §7 that the openness property is not satisfied by the
graph, which hence is not an integral. Clearly, the graph cannot be quotiented to any integral
Q of B, because the inclusion of the graph in G is an injective map and as such it can not
induce a well-defined map QÑ G.
Structure of the paper: The article starts §1 by recalling singular subalgebroids and their as-
sociated holonomy groupoids from [27]. In §2 we discuss longitudinal integration. §3 gives the
integration of singular subalgebroids B which are projective as C8pMq-modules. In §4 we define
diffeological groupoids and discuss the properties which are relevant to the integration of singular
subalgebroids. §5 gives the differentiation process for diffeological groupoids as such. Global inte-
gration is discussed in §6. Finally, the graph of a singular subalgebroid is discussed in §7. In the
appendix we collect two proofs and an interpretation of a certain assumption used in the main text.
Conventions and notation: All Lie groupoids are assumed to be source connected. Given
a Lie groupoid G Ñ M , we denote by t and s its target and source maps, and by i : G Ñ G the
inversion map. We denote by 1x P G the identity element corresponding to a point x P M , and by
1M Ă G the submanifold of identity elements. Two elements g, h P G are composable if spgq “ tphq.
We use the term bisection to denote a right-inverse to s defined on an open subset ofM . We identify
the Lie algebroid of G, which we denote by AG, with kerpdsq|M .
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1 Singular Subalgebroids and holonomy groupoids
In this section we recall the notion of a singular subalgebroid (§1.1 §1.2 §1.3) and the construction
of its holonomy groupoid (§1.4 §1.5). Later on, in §5, we will give the description of the holonomy
groupoid as a diffeological space.
We follow closely [27], except for the material in §1.2-§1.3 which was not spelled out there.
1.1 Definition and main examples
Let A be a Lie algebroid over a smooth manifold M . Throughout the sequel we assume A is
integrable and choose a (source-connected) Lie groupoid G Ñ M integrating A. We will assume
that G is Hausdorff.
Definition 1.1. [27, Def. 1.1] A singular subalgebroid of A is an involutive, locally finitely
generated C8pMq-submodule B of ΓcpAq, the compactly supported sections of A.
We briefly discuss the main examples of singular subalgebroids.
Example 1.2. A singular foliation on a manifold M is an involutive, locally finitely generated
submodule of the C8pMq-module of vector fields with compact support XcpMq [2]. The singular
subalgebroids of A “ TM are exactly the singular foliations on M .
Example 1.3. a) Let ψ : E Ñ A be a morphism of Lie algebroids covering the identity on the
base manifolds. Then the image of the induced map of compactly supported sections,
B :“ ψpΓcpEqq,
is a singular subalgebroid of A. We say that B arises from the Lie algebroid morphism
ψ.
b) A special case of item a) is provided by projective singular subalgebroid B of A, namely those
for which there exists a vector bundle B over M such that ΓcpBq – B as C
8pMq-modules.
There is a Lie algebroid structure on B and almost injective Lie algebroid morphism τ : B Ñ A
inducing the isomorphism ΓcpBq – B, and these data are unique, as we shall see in §3.1. In
particular, B arises from the Lie algebroid morphism τ .
c) Specializing further, we can consider B “ ΓcpBq where B is a wide Lie subalgebroid of A
(that is, a vector subbundle B ÑM whose sections are closed with respect to the Lie bracket
[21, Def. 3.3.21]).
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Example 1.4. Let N be a closed embedded submanifold of M and B Ñ N a Lie subalgebroid
of A ([21, Def. 4.3.14]). Then
B :“ tα P ΓcpAq : α|N Ă Bu
is a singular subalgebroid of A.
Let n “ dimpNq and b “ rankpBq. To describe B near a point p of N , choose coordinates txiu of M
around p such that txiuiąn vanish on N and the restrictions of txiuiďn to N are coordinates around
p in N . Let tαju be a frame of compactly supported sections of A adapted to B, i.e. tαj |Nujďb Ă B.
Then B, locally near p, is generated by
tαjujďb Y txi ¨αjuiąn,jąb.
On open sets disjoint from N , B is given by restrictions of compactly supported sections of A.
When N is a hypersurface (i.e. has codimension 1 in M), the C8pMq-module B is projective. On
the other hand, if codimpNq ě 2 and B ‰ A|N , then B is not projective, because the number of
generators above is strictly larger than the rank of A.
Last, let us recall from [27, §1] two structures associated with a singular subalgebroid B:
a) The foliation
Ñ
B on G: Since the Lie algebroid A integrates to the Lie groupoid G, every
section α of A corresponds to a right-invariant vector field
Ñ
α of G (see [21, §3.5]). Whence
the C8pMq-module B gives rise to the C8c pGq-module
Ñ
B generated by t
Ñ
α : α P Bu. Notice
that
Ñ
B consists of compactly supported vector fields2 , indeed it is a singular foliation on G
in the sense of [2]. Likewise, every α P B defines a left-invariant vector field
Ð
α of G and a
foliation
Ð
B.
b) The foliation FB on M : Let ρ : AÑ TM be the anchor map of A. Since B is locally finitely
generated and involutive, so is the C8pMq-module FB generated by tρpαq : α P Bu; whence
FB is a singular foliation of M . Note that ρpαq has the same support as α whence it is
compactly supported as well. Recall that
Ñ
α is t-related with ρpαq, therefore the vector field
Ñ
α is complete.
1.2 Associated vector spaces
We explain how, at every point, a singular subalgebroid induces a Lie algebra and a short exact
sequence of vector spaces.
Pick a point x PM and consider the evaluation map as a morphism of R-vector spaces
evx : B Ñ Ax, α ÞÑ αpxq.
We denote the image of this map Bx (it is a vector subspace of Ax), and its kernel by Bpxq :“ tα P
B : αpxq “ 0u. Let IMx denote the ideal of functions on M vanishing at x. Put bx “
Bpxq
IMx B
and
2This is the reason why we assume the Lie groupoid G to be Hausdorff: the compact support condition on
non-Hausdorff manifolds leads to somewhat strange behaviours. Making this assumption we avoid complicating the
exposition. (Allowing G to be non-Hausdorff, one can consider sheaves of compactly supported sections on open
subsets of G).
9
Bx “
B
IMx B
. We obtain a short exact sequence of finite dimensional vector spaces
t0u Ñ bx Ñ Bx Ñ Bx Ñ t0u. (1.1)
The kernel bx has an obvious Lie algebra structure induced by the Lie bracket on ΓcpAq.
The next lemma is proved exactly as in [2, Prop. 1.5 a)].
Lemma 1.5. If α1, ¨ ¨ ¨ ,αN P B are such that their images rα1s, ¨ ¨ ¨ , rαN s in Bx form a basis, then
the αi’s are generators of B in a neighborhood of x.
We also recall the next result from [27, §1]:
Lemma 1.6. Let α1, . . . ,αn be a finite subset of B. Then rα1s, . . . , rαns is a basis of B{I
M
x B iff
r
Ñ
α1s, . . . , r
Ñ
αns is a basis of
Ñ
B{IGx
Ñ
B. (And likewise for
Ð
B.)
As as consequence, the sequence (1.1) is isomorphic to the short exact sequence associated to the
foliation
Ñ
B, which is
t0u Ñ
Ñ
Bpxq{IGx
Ñ
B Ñ
Ñ
B{IGx
Ñ
B Ñ evxp
Ñ
Bq Ñ t0u.
The isomorphism is essentially given by the map
Ñ
B Ñ B, obtained restricting sections of kerps˚q to
sections of kerps˚q|M – A.
1.3 Associated Lie algebroids over the leaves
Let L be a leaf of FB. For simplicity, we assume L is embedded in M . Note that it is possible to
formulate everything for immersed leaves as well, but we omit this so as not to blow up the length
of the article.
Lemma 1.7. Put
BL :“
ď
xPL
Bx.
Then BL is a transitive Lie subalgebroid of A supported on L. Its compactly supported sections are
given by B|L “ tα|L : α P Bu.
Proof. To show that BL has constant rank, pick x, y P L. Assume there is α P B such that the flow
of ρpαq takes x to y (in general it is necessary to take a finite number of sections). Use that rα, ¨s is
a covariant differential operator on A preserving B, and whose induced Lie algebroid automorphism
(the flow) takes Ax to Ay.
Further BL is a Lie subalgebroid of A: Indeed, any two elements of ΓcpBLq can be extended to
elements α1,α2 P B, and rα1,α2s|L P ΓcpBLq since B is involutive. The restriction of the bracket
to L is independent of the choice of extensions, as a consequence of the Leibniz rule for the Lie
algebroid A. The Lie subalgebroid BL over L is transitive by construction.
Now consider the ideal IL “ tf P C
8pMq : f |L “ 0u.
Lemma 1.8. Put
BL :“
ď
xPL
Bx.
Then BL is a transitive Lie algebroid over L. Its compactly supported sections are given by B{ILB.
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Proof. We provide a proof along the lines of [5, Lemma 1.6]. The vector spaces Bx have the same
dimension for all x P L (use the same argument as in Lemma 1.7 above). Fix x P L. Lifting the
elements of a basis of Bx, we obtain generators α1, ¨ ¨ ¨ ,αN of B in a neighborhood Ux of x, by
Lemma 1.5. Hence the rαisL :“ pαi mod ILBq are a set of generators of the C
8pLq-module B{ILB
on Vx :“ Ux X L. Further we observe that the rαisy :“ pαi mod IyBq form a basis of By for all
y P Vy.
We claim that the following holds on Vx, where the gi are smooth functions there:ÿ
i
girαisL “ 0 ñ gi “ 0 for all i.
To see this, extend the gi to functions rgi on Ux Ă M . Then ÿ
i
rgiαi P ILB. For all y P Vx we have
IL Ă Iy, hence
ÿ
i
gipyqrαisy “ 0 P By. The above observation implies that gipyq for all i. Hence we
conclude that gi “ 0, proving the claim.
Now we can cover L by open subsets V as above, and for each V consider the trivial rank N vector
bundle over V with canonical frame given by a choice of local generators rαVi sL of B{ILB as above.
Thanks to the claim, on overlaps V X V 1, we can express each rαVi sL uniquely in terms of the
rαV
1
1 sL, . . . , rα
V 1
N sL. This allows to glue the trivial vector bundles into a vector bundle over L, which
becomes a Lie algebroid with the evaluation map as anchor and the Lie bracket on sections induced
by the one on B.
The Lie algebroids introduced in Lemmas 1.7 and 1.8 fit in a short exact sequence of Lie algebroids
over L, induced by the evaluation of sections on L:
t0u Ñ
ď
xPL
bx Ñ BL
evLÑ BL Ñ t0u. (1.2)
Evaluating at a point x P L, we obtain the short exact sequence of vector spaces (1.1).
Remark 1.9 (Unions of leaves). Notice that the above holds if we replace L with any submanifold
N of M such that FB|N Ă TN (i.e. N is a union of leaves), provided B{INB and B|N define
constant rank bundles. Namely, we have a short exact sequence of C8pNq modules,
t0u Ñ BpNq{INB Ñ B{INB
evNÑ B|N Ñ t0u
(where BpNq :“ tα P B : α|N “ 0u). It is induced by a short exact sequence of Lie algebroids over
N , which generalizes (1.2):
t0u Ñ kerpπq Ñ BN
evNÑ BN Ñ t0u.
1.4 The holonomy groupoid of a singular subalgebroid
Here we briefly recall the construction of the holonomy groupoid associated with a singular sub-
algebroid. The construction was carried out in [27, §2, §3] as an extension of the construction of
Androulidakis-Skandalis for singular foliations [2].
Throughout this subsection we let B be a singular subalgebroid of an integrable Lie algebroid A,
and fix a Lie groupoid G integrating A.
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1.4.1 Bisubmersions
The main tool is the notion of bisubmersion of a singular subalgebroid. Since an integrable Lie
algebroid A can be integrated by more than one Lie groupoid, we are forced to allow bisubmersions
to depend on the choice of Lie groupoid G integrating A. Let us recall this notion, as well as some
results that we’ll need in this sequel.
Let U, V be manifolds and ϕ : U Ñ V a smooth map. Let E be a C8pV q-submodule of XcpV q.
Denote ϕ!TV the vector bundle on U obtained as the the pullback of the tangent bundle. Put:
a) ϕ˚pEq the C8pUq-submodule of ΓcpU,ϕ!TV q generated by fpξ ˝ϕq with f P C8c pUq and ξ P E .
b) ϕ´1pEq the C8pUq-submodule tX P XcpUq : dϕpXq P ϕ˚pEqu of XcpUq.
Definition 1.10. [27, Prop. 2.4] A bisubmersion for B is a triple pU,ϕ,Gq where U is a manifold
and ϕ : U Ñ G a smooth map such that
i) sU :“ s ˝ ϕ and tU :“ t ˝ ϕ : U ÑM are submersions,
ii) for every α P B, there is Z P XpUq which is ϕ-related to
Ñ
α and W P XpUq ϕ-related to
Ð
α,
iii) ϕ´1p
Ñ
Bq “ ΓcpU, ker dsU q and ϕ
´1p
Ð
Bq “ ΓcpU, ker dtU q.
Now recall that, given any α P B the vector field
Ñ
α on G is complete. This allows us to show in the
next proposition that bisubmersions exist:
Proposition-Definition 1.11. [27, Def. 2.16, Prop. 2.18] Let x P M and α1, . . . ,αn P B such
that rα1s, . . . , rαns span B{IxB. The associated path-holonomy bisubmersion is the map
ϕ : U0 Ñ G, pλ, xq ÞÑ expx
ÿ
λi
Ñ
αi,
where U0 is a neighborhood of p0, xq in R
n ˆM in which the map t ˝ ϕ is a submersion, and exp
denotes the time-1 flow.
We say that pU0, ϕ,Gq is minimal if rα1s, . . . , rαns are a basis of B{IxB.
Proposition-Definition 1.12. [27, Def. 2.21, 2.24, 2.27] Let pUi, ϕi, Gq, i “ 1, 2 two bisubmer-
sions for B. Put si “ s ˝ ϕ and ti “ t ˝ ϕ.
a) A morphism of bisubmersions is a smooth map f : U1 Ñ U2 such that ϕ2 ˝ f “ ϕ1.
b) The inverse of pUi, ϕi, Gq is the bisubmersion ι˝ϕ : U Ñ G, where ι : GÑ G is the inversion
map.
c) The composition of pU1, ϕ1, Gq and pU2, ϕ2, Gq is the bisubmersion
m ˝ pϕ1, ϕ2q : U1 ˆs1,t2 U2 Ñ G
where m is the multiplication map of G. This bisubmersion is denoted U1 ˝ U2.
We’ll use the next result in this sequel:
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Lemma 1.13. [27, Lemma 2.20] Let pU,ϕ,Gq a path-holonomy bisubmersion. The map κ : U Ñ
U, κpλ, xq “ p´λ, tU pλ, xqq is a diffeomorphism and the following diagram commutes:
U
ϕ
❅
❅❅
❅❅
❅❅
❅
κ // U
ι˝ϕ⑦⑦⑦
⑦⑦
⑦⑦
⑦
G
(1.3)
In particular, sU ˝ κ “ tU and tU ˝ κ “ sU .
1.4.2 Bisections
We’ll also need the notion of bisection of a bisubmersion.
Definition 1.14. [27, Def. 2.30] Let pU,ϕ,Gq be a bisubmersion for B.
a) A bisection of pU,ϕ,Gq is a locally closed submanifold u of U such that the restrictions of
both sU and tU to u are diffeomorphisms from u onto open subsets of M . Then ϕpuq is a
bisection of G and the map ϕ : uÑ ϕpuq is a diffeomorphism
b) Let u P U and c a bisection of G. We say that c is carried by pU,ϕ,Gq at u if there exists a
bisection u of U such that u P u and ϕpuq is an open subset of c.
Let pU,ϕ,Gq and pUi, ϕi, Gq, i “ 1, 2 be bisubmersions. The next properties were proven in [27,
§2.5] and [27, §3.1]:
a) Let u P U and c a bisection of G carried by pU,ϕ,Gq at u. Then c´1 is carried by the inverse
bisubmersion pU, ι ˝ ϕ,Gq at u.
b) Let ui P Ui, i “ 1, 2 be such that sU1pu1q “ tU2pu2q and let ci be bisections of G carried by
pUi, ϕi, Gq at ui respectively. Then c1 ¨ c2 is carried by the composition pU1 ˝ U2, ϕ1 ¨ ϕ2, Gq
at pu1, u2q.
c) Let pU0, ϕ0, Gq be a minimal path-holonomy bisubmersion. Let pU,ϕ,Gq be any bisubmersion
carrying the identity bisection at u P U . Then there exists an open neighborhood U 1 of u in
U and a submersion g : U 1 Ñ U0 which is a morphism of bisubmersions.
Also, the following proposition is crucial for the construction of the holonomy groupoid. It is a
corollary of item (c) above.
Proposition 1.15. [27, Cor. 3.3] Let pUi, ϕi, Gq, i “ 1, 2 be bisubmersions of B and ui P Ui such
that ϕ1pu1q “ ϕ2pu2q.
a) If the identity bisection 1M is carried by Ui at ui, for i “ 1, 2, there exists an open neighborhood
U 11 of u1 in U1 and a morphism of bisubmersions f : U
1
1 Ñ U2 such that fpu1q “ u2.
b) If there is a bisection of G carried by both U1 at u1 and by U2 at u2, there exists an open
neighborhood U 11 of u1 in U1 and a morphism of bisubmersions f : U
1
1 Ñ U2 such that fpu1q “
u2.
c) If there is a morphism of bisubmersions g : U1 Ñ U2 such that gpu1q “ u2, then there exists
an open neighborhood U 12 of u2 and a morphism of bisubmersions f : U
1
2 Ñ U1 such that
fpu2q “ u1.
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1.4.3 Construction of the holonomy groupoid
Analogously to the case of singular foliations [2], the holonomy groupoid of a singular subalgebroid
B is a quotient. We recall briefly its construction.
Definition 1.16. [27, Def. 3.4, Def. C.4]
a) Consider a family pUi, ϕi, GqiPI of minimal path-holonomy bisubmersions defined as in Def.
1.11 such that M “ YiPIsipUiq. Let UG be the collection of all such bisubmersions, together
with their inverses and finite compositions. We call UG a path-holonomy atlas of B asso-
ciated with G.
b) Let pU,ϕ,Gq a bisubmersion and u P U . We say that pU,ϕ,Gq is adapted to UG at u if there
exists i P I, an open subset U 1 Ď U containing u and a morphism of bisubmersions U 1 Ñ Ui.
c) We say that pU,ϕ,Gq is adapted to UG if every element u P U is adapted to UG.
Proposition 1.15 c) shows that for u1 P pU1, ϕ2, Gq, u2 P pU2, ϕ2, Gq the relation
u1 „ u2 ô there is an open neighborhood U
1
1 of u1,
there is a morphism of bisubmersions f : U 11 Ñ U2 such that fpu1q “ u2
is an equivalence relation. This allows us to give the following definition:
Definition 1.17. [27, Def. 3.5] Let B a singular subalgebroid of A “ AG and UG the associated
path-holonomy atlas. The holonomy groupoid of B over G is
HGpBq :“
ž
UPUG
U{ „
The holonomy groupoid HGpBq has the following structure. Denote by 6 :
ž
UPUG
U Ñ HGpBq the
quotient map, and qi :“ 6|Ui .
a) Endowed with the quotient topology, HGpBq carries a topological groupoid structure with
space of objects M . The source and target maps sH , tH : H
GpBq Ñ M are determined
by sH ˝ qi “ si and tH ˝ qi “ ti for all i P I. The multiplication is determined using the
composition of bisubmersions, as follows: qipuqqjpvq “ qUi˝Uj pu, vq for all i, j P I.
b) There is a canonical morphism of topological groupoids
Φ: HGpBq Ñ G, Φprusq “ ϕpuq,
where u is any point in a bisubmersion pU,ϕ,Gq belonging to the path-holonomy atlas UG.
c) For every bisubmersion pU,ϕ,Gq adapted to UG there is a map qU : U Ñ H
GpBq such that,
for every local morphism of bisubmersions f : U 1 Ď U Ñ Ui and every u P U 1 we have
qU puq “ qipfpuqq.
Remark 1.18. The equivalence relation introduced after Def. 1.16 can be also expressed as follows
[27, Remark 3.6]:
u1 „ u2 ô ϕ1pu1q “ ϕ2pu2q, D bisections ui through ui s.t. ϕ1pu1q “ ϕ2pu2q.
14
Usually the topology of the holonomy groupoid is quite bad, however in §2.3 we will show that it
always is longitudinally smooth. In §5 we will show that the holonomy groupoid is also a diffeological
groupoid. Here we show the following property of the topology of the holonomy groupoid.
Proposition 1.19. The quotient map 6 :
ž
UPUG
U Ñ HGpBq an open map.
Proof. Fix an open subset A Ď
ž
UPUG
U . We need to prove that the saturation 6´1p6pAqq Ď
ž
UPUG
U
is open as well. Recall that
6´1p6pAqq “ tu P
ž
UPUG
U : 6puq “ 6paq for some a P Au
Pick an element u P 6´1p6pAqq.
We need to show that there is an open neighborhood B of u in
ž
UPUG
U such that B Ă 6´1p6pAqq. Pick
a P A such that 6puq “ 6paq and assume that u, a belong to path-holonomy bisubmersions Uu, Ua
respectively. Since 6puq “ 6paq, by definition of the equivalence relation in the path-holonomy
atlas, there is an open subset rUu Ď Uu containing the element u, and a morphism of bisubmersions
f : rUu Ñ Ua such that fpuq “ a. Since A is open, we can arrange that fprUuq Ă A by shrinking the
domain if necessary. Then, every other element u1 P rUu satisfies 6pu1q “ 6pfpu1qq, and since fpu1q P A
it follows that u1 P 6´1p6pAqq. So the open subset rUu of ž
UPUG
U is contained in 6´1p6pAqq.
1.5 Examples of holonomy groupoids
Here we put a few constructions from [27] that we’ll use in this sequel, and which provide the
holonomy groupoids for the singular subalgebroids of Ex. 1.3. Again, we fix a source-connected Lie
groupoid G integrating a Lie algebroid A (so A “ AG). As a preparation, we need the following
result.
Proposition 1.20. [27, Prop 2.13] Let φ : K Ñ G be a morphism of (source-connected) Lie
groupoids covering the identity on M . Then φ : K Ñ G is a bisubmersion for the singular subalge-
broid B :“ φ˚pΓcpAKqq of AG.
Notice that Prop. 1.20 applies in particular to the singular subalgebroids that arises from Lie
algebroid morphism ψ : E Ñ A (Ex. 1.3), provided the Lie algebroid E integrable: just take φ to
be a Lie groupoid morphism integrating ψ.
The following proposition provides the holonomy groupoids for a class of singular subalgebroids that
includes those appearing in Prop. 1.20 just above.
Proposition 1.21 (Holonomy groupoids as quotients). [27, Prop 3.12] Let G be a Lie groupoid
over M and B a singular subalgebroid of AG. Let K be a Lie groupoid over M . Let φ : K Ñ G be
a morphism of Lie groupoids covering IdM which is also a bisubmersion for B. Then:
i) HGpBq “ K{I as topological groupoids, where
I :“ tk P K : D a (local) bisection u through k such that φpuq Ă 1Mu
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ii) the canonical map Φ: HGpBq Ñ G coincides with the map K{I Ñ G induced by φ.
A special case of the above proposition is the following. Let B a wide Lie subalgebroid of A, and
B :“ ΓcpBq. Then H
GpBq is the minimal integral of B over G in the sense of [22, Thm. 2.3]. This
is shown in [27, Prop 3.20], and we will recover this result in Ex 2.4.
Example 1.22 (Lie subalgebras). Let g a Lie algebra, k a Lie subalgebra, and fix a connected Lie
group G integrating g. Let φ : K Ñ G be any morphism of Lie groups integrating the inclusion
ι : k ãÑ g, where K is assumed to be connected. (For instance, take K to be the connected and
simply connected integration of k.) Then
Hpkq “ K{kerpφq.
Indeed, since the space of objects of K is just a point, k1 „ k2 iff φpk1q “ φpk2q. Hence Hpkq is
a Lie group integrating k, and the map Φ: Hpkq Ñ G induced by φ is an injective immersion and
group homomorphism. In other words, pHpkq,Φq is the Lie subgroup of G integrating k (see [25, pp.
92-93]).
Remarks 1.23. a) Local bisections such as the ones mentioned in the definition of the equiv-
alence relation in Prop. 1.21 can be obtained in the following computable way: Put J the
kernel of the C8pMq-linear map dφ : ΓcpAKq Ñ B. It is an involutive C8pMq-submodule
of ΓcpAKq, whence it corresponds to an involutive C
8pMq-submodule
Ñ
J of right-invariant
vector fields of K. Their associated 1-parameter groups provide bisections which lie in the
isotropy of K.
b) In the setting of Prop. 1.21, we also note the following application of a classical algebraic
result. Suppose B is locally finitely presented as a C8pMq-module, that is to say for every
open W Ă M the C8pW q-module BW is a finitely presented module. Consider the C8pW q-
module pΓcpAKqqW and the exact sequence 0 Ñ JW Ñ pΓcpAKqqW
dφ
ÝÑ BW Ñ 0. Since
pΓcpAKqqW is a free finite-rank module and BW is finitely presented, a classical result from
algebra implies that JW is a finitely generated module. Whence J is a singular subalgebroid
of AK.
Notice that in general its holonomy groupoid HKpJ q does not agree with the groupoid (actu-
ally a bundle of groups) I appearing in Prop. 1.21, not even up to covers. Indeed, as for any
holonomy groupoid, the dimension of the source fibers of HKpJ q is upper semicontinuous,
while the source fibers of I behave in the opposite way.
2 Leafwise Integration
In this section we begin our study of the integration of a singular subalgebroid B, by examining its
restriction to a leaf L of the associated foliation pM,FBq. Our conclusion is that this restriction is
always integrable. More precisely: the restriction of the holonomy groupoid HGpBq to L is always a
Lie groupoid, and it integrates the transitive Lie algebroid BL introduced in Lemma 1.8. Further, the
restriction of the canonical morphism Φ: HGpBq Ñ G to L integrates the evaluation map BLÑA.
See Cor. 2.11, Prop. 2.14 and Thm. 2.15.
To this end, the crucial ingredient is Theorem 2.1 in §2.1, which is a result of independent interest. It
provides the exact relation between the holonomy groupoidHGpBq Ñ M of the singular subalgebroid
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and holonomy groupoid Hp
Ñ
Bq Ñ G of the associated singular foliation on G. (In particular, the
former is a quotient of the latter.) This theorem allows us in an explicit manner to reduce the
statements we are after to the analogous statements for singular foliations, which hold by Debord’s
work [9].
2.1 An alternative construction of the Holonomy Groupoid
In this subsection we provide a different construction for the holonomy groupoid we introduced in
§1.4. Let B be a singular subalgebroid of a Lie algebroid A and pG, t, sq a Lie groupoid integrating
the latter. The associated C8c pGq-module of right-invariant vector fields
Ñ
B is a (singular) foliation
of the manifold G. Let Hp
Ñ
Bq be its holonomy groupoid, as constructed in [2].
Theorem 2.1. The topological groupoid Hp
Ñ
Bq Ñ G is canonically isomorphic to the transformation
groupoid
HGpBq ˆsH ,t G
of the action of HGpBq on the map t : G Ñ M , induced by the canonical groupoid morphism
Φ: HGpBq Ñ G.
In order not to interrupt the flow of ideas here, we give the proof of Theorem 2.1 in Appendix A.
Here we just mention that the canonical isomorphism appearing in Thm. 2.1 is given in eq. (A.2).
Remark 2.2. More precisely, the action appearing in Thm. 2.1 is ph, gq ÞÑ Φphqg. Hence this is
also the target map of the transformation groupoid, whereas the source map is ph, gq ÞÑ g and the
multiplication is given by ph, gqph1, g1q “ phh1, g1q.
Using the above isomorphism we can state the following corollaries.
Corollary 2.3. There is a canonical principal right action3 of G on Hp
Ñ
Bq Ñ G and the quotient
by this action is a topological groupoid canonically isomorphic to HGpBq Ñ M , i.e.
Hp
Ñ
Bq{G – HGpBq.
Proof. Thanks to the isomorphism of Thm. 2.1, it is sufficient to prove the statement forHGpBqˆsH ,t
G in place of Hp
Ñ
Bq. There is a canonical G-action on s : GÑM by right multiplication, and simi-
larly a canonical G-action on the composition of the source map of HGpBqˆsH ,tG with s. One sees
easily that the projection to the quotient is given by
HGpBq ˆsH ,t G

// HGpBq

G
t //M
(2.1)
where the upper horizontal map is ph, gq ÞÑ h.
3 More precisely: there are canonical right actions of G Ñ M on the maps s˝s
Hp
Ñ
Bq : Hp
Ñ
Bq ÑM and on s : GÑM .
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Example 2.4 (Lie subalgebroids). Let B Ñ M be a wide Lie subalgebroid of A Ñ M . With
B “ ΓcpBq, the foliation
Ñ
B on the Lie groupoid G is regular, hence the holonomy groupoid Hp
Ñ
Bq
is given by classes of paths in its leaves modulo holonomy. By Cor. 2.3 HGpBq is isomorphic to
Hp
Ñ
Bq{G. The latter is called the minimal integral of B over G, and is the “smallest” Lie groupoid
admitting an immersion to G integrating the inclusion of B ãÑ A [22, Thm. 2.3]. In particular,
when B “ ΓcpAq, we have H
GpBq – G.
Corollary 2.5. Put Φx the restriction of Φ : H
GpBq Ñ G to the sH-fiber H
GpBqx. Then Φx is
injective if and only if the foliation
Ñ
B has trivial holonomy at 1x P G.
Proof. Saying that the foliation
Ñ
B has trivial holonomy at 1x is saying that the isotropy group of
Hp
Ñ
Bq at 1x is trivial. Under the isomorphism (covering IdG) of Thm. 2.1, the target-source map
of Hp
Ñ
Bq corresponds to the target-source map Ψ : HGpBq ˆsH ,t G Ñ G ˆ G, ph, gq ÞÑ pΦphqg, gq.
The isotropy group is thus kerΨx “ ker Φx ˆ t1xu and the result follows.
2.2 The restriction of the holonomy groupoid to a leaf
In this subsection we describe the restriction of HGpBq to leaves using Theorem 2.1. First, let us
clarify which leaves we are referring to.
2.2.1 The relation between leaves of pG,
Ñ
Bq and leaves of pM,FBq
Given g P G put x “ spgq, y “ tpgq P M . Let
Ñ
Lg Ă G be the leaf of the foliation
Ñ
B through g. Let
Ly ĂM be the leaf of B through y.
From Theorem 2.1 we get
Ñ
Lg “ tΦphqg : h P H
GpBqyu
so the leaf
Ñ
Lg is the right-translation by g of the leaf
Ñ
Ly :“
Ñ
L1y . Therefore, it suffices to consider
only leaves
Ñ
Lx and Lx for x PM . We observe the following:
Observation 2.6. The restriction t|Ñ
Lx
:
Ñ
Lx Ñ Lx is a surjective submersion, since for all g
1 P
Ñ
Lx
and α P B we have t˚p
Ñ
α|g1q “ t˚p
Ñ
α|tpg1qq “ ρpαqtpg1q. More generally, t|Ñ
Lg
:
Ñ
Lg Ñ Ly is a surjective
submersion for any g P G such that y “ tpgq.
2.2.2 Description of HGpBqLy
Let g P G, put x “ spgq, y “ tpgq. Theorem 2.1 allows us to describe the groupoid HGpBqLy in this
way:
Observations 2.7. a) Under the isomorphism of Thm. 2.1, we have
Hp
Ñ
BqÑ
Lg
– HGpBqLy ˆsH ,t
Ñ
Lg (2.2)
That is because the right-hand side of (2.2) is the preimage of
Ñ
Lg under the source map of
HGpBq ˆsH ,t G.
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b) Thus HGpBqLy ˆsH ,t
Ñ
Lg is the transformation groupoid associated with the action of the
groupoid HGpBqLy ÝÑÝ Ly on the fibration t :
Ñ
Lg Ñ Ly, defined by the restriction of the
map Φ to HGpBqLy .
We recall that Debord [9, Prop. 2.2] proved that the holonomy groupoid of any singular foliation is
longitudinally smooth, i.e. its restriction to a leaf is a Lie groupoid (see also [3, Thm. 4.16]). This
applies in particular to the right hand side of eq. (2.2).
2.3 Smoothness of the holonomy groupoid over a leaf
We show that restricting the holonomy groupoid to leaves yields a Lie groupoid.
Let UG be a path-holonomy atlas associated with B and Lx the leaf of FB through x PM .
Proposition 2.8. There is a smooth manifold structure on
HGpBqLx :“ s
´1
H pLxq
such that the quotient maps qU |Lx : ULx Ñ H
GpBqLx are submersions for every pU,ϕ,Gq P U
G,
where ULx :“ s
´1
U pLxq.
Remark 2.9. a) The above smooth structure is unique (this follows from general properties of
submersions).
b) If the leaf L is immersed, the topology on HGpBqLx is the one obtained from the natural
bijection with the fibered product Lˆpι,sq HGpBq, where ι : LÑM is the inclusion map.
Proof. Every pU,ϕ,Gq P UG gives rise to a path-holonomy bisubmersion
Ñ
U “ U ˆsU ,t G for
Ñ
B
by [27, Prop. B.1], with source map
Ñ
s the second projection. Put
Ñ
UÑ
Lx
“
Ñ
s
´1
p
Ñ
Lxq, thus
Ñ
UÑ
Lx
“
ULxˆsU ,t
Ñ
Lx. Recall thatHp
Ñ
BqÑ
Lx
– HGpBqLxˆsU ,t
Ñ
Lx by eq. (2.2), using the canonical isomorphism
of Thm. 2.1.
Thanks to a result by Debord [9, Prop. 2.2] for singular foliations we know that Hp
Ñ
BqÑ
Lx
is smooth,
meaning [3, Def. 3.8] that it has a differentiable structure such that the quotient map
qÑ
U
|Ñ
Lx
:
Ñ
UÑ
Lx
Ñ Hp
Ñ
BqÑ
Lx
is a submersion for every U P UG. Under the canonical isomorphism of Thm. 2.1, this submersion
becomes (see eq. (A.2)) the top horizontal map in the commutative diagram
ULx ˆsU ,t
Ñ
Lx
qUˆid //
pi

HGpBqLx ˆsH ,t
Ñ
Lx
p

ULx
qU // HGpBqLx
(2.3)
Here π and p denote the projection onto the first factor.
We have to show that there is a smooth structure on HGpBqLx for which the bottom horizontal map
in diagram (2.3) is a submersion, for every U P UG. We know that the image of qU pULxq is an open
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subset, by Prop. 1.19. Let σ be a local section of the target map t :
Ñ
Lx Ñ Lx, which for simplicity
we assume to be defined on sU pULxq. Then
T :“ tph, σpsH phqqq : h P qU pULxqu
is a smooth submanifold of HGpBqLx ˆsU ,t
Ñ
Lx, since its preimage by the submersion is a smooth
submanifold of ULx ˆsU ,t
Ñ
Lx, namely S :“ tpu, σpsU puqqq : u P ULxu.n. The restriction of the
projection p to T is a homeomorphism onto its image, hence can be used to transport the smooth
structure of T to the open subset qU pULxq of H
GpBqLx .
With this smooth structure, p˝pqU ˆ idq|S “ qU ˝pπ|Sq is a submersion, and since p|S is a diffeomor-
phism it follows that qU |Lx : ULx Ñ qU pULxq Ă H
GpBqLx is a submersion. Repeating the procedure
with another bisubmersion V P UG such that qU pULxq X qV pVLxq is non-empty defines the same
smooth structure on the intersection: if qU puq “ qV pvq, there exists a morphism of bisubmersions
f : U Ñ V mapping u to v (shrinking U if necessary), hence qU “ qV ˝ f is a smooth map for the
smooth structure defined by V too.
Remarks 2.10. For a path-holonomy bisubmersion U of B which is minimal at x, the quotient
map qU |Lx : ULx Ñ H
GpBqLx is actually a diffeomorphism in a neighborhood of px, 0q. Indeed,
qÑ
U
|Ñ
Lx
:
Ñ
UÑ
Lx
Ñ Hp
Ñ
BqÑ
Lx
is a diffeomorphism in a neighborhood of px, 0q, as follows from [9, Prop.
2.2] and the proof of [3, Thm. 4.16]. Therefore the proof of Prop. 2.8 leads to the above claim.
It follows by the same arguments as in the proof of [3, Lemma 3.9] that:
Corollary 2.11. The restriction HGpBqLx is a Lie groupoid, when endowed with the smooth struc-
ture of Prop. 2.8.
Thanks to [11, Lemma 7.1.4], Corollary 2.11 implies:
Corollary 2.12. Every sH -fiber H
GpBqx is a smooth Hausdorff manifold. It is a closed submanifold
of HGpBqLx.
2.4 Integration of BLx
Here we discuss the integration of the Lie algebroid BLx defined in Lemma 1.8. Let us first make
the following observations.
Observations 2.13. a) There is an infinitesimal action of the Lie algebroid BLx on the map
t :
Ñ
Lx Ñ Lx, given by
ΓpBLxq Ñ Xp
Ñ
Lxq pα mod ILxBq ÞÑ
Ñ
α|Ñ
Lx
.
b) The associated transformation algebroid is denoted by t˚BLx, since as a vector bundle it is the
pullback of the vector bundle BLx along t. The bracket on basic sections is given by the bracket
of BLx, and the anchor by the infinitesimal action.
c) We have an isomorphism of Lie algebroids t˚BLx –
Ñ
BÑ
Lx
. For all α P B, it sends the basic
section pα mod ILxBq to p
Ñ
α mod IÑ
Lx
Ñ
Bq.
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d) The latter is the Lie algebroid of the Lie groupoid Hp
Ñ
BqÑ
Lx
by Debord’s result [9, Cor. 2.2]
(see also [3, Thm. 5.1]).
Proposition 2.14. The Lie groupoid HGpBqLx integrates BLx.
Proof. Let ZLx be the Lie algebroid of H
GpBqLx . Then the Lie algebroid of the transformation Lie
groupoid HGpBqLxˆsH ,t
Ñ
Lx is the transformation Lie algebroid of the infinitesimal action of ZLx on
the map t :
Ñ
Lx Ñ Lx obtained differentiating the action of H
GpBqLx . We denote this transformation
Lie algebroid by t˚ZLx . Composing we obtain an isomorphism over IdÑ
Lx
of Lie algebroids
t
˚BLx –
Ñ
BÑ
Lx
– A
´
Hp
Ñ
BqÑ
Lx
¯
– A
´
HGpBqLx ˆsH ,t
Ñ
Lx
¯
“ t˚ZLx , (2.4)
where the third isomorphism is induced by the isomorphism of Lie groupoids given by eq. (2.2).
We denote this composition by Θ.
Claim: Θ maps basic sections of t˚BLx to basic sections of t
˚BLx.
Hence Θ induces an isomorphism of Lie algebroids θ : BLx Ñ ZLx over IdLx , implying the desired
result.
We are left with proving the claim. To do this, take local generators α1, . . . ,αn of B, giving rise to
a path-holonomy bisubmersion U for B, and to a path-holonomy bisubmersion
Ñ
U Ă Rn ˆG for
Ñ
B.
• The first isomorphism in eq. (2.4) was described in Observations 2.13 c).
• The second isomorphism in eq. (2.4) is done so that it commutes with the map4 T p
Ñ
U |Ñ
Lx
q Ñ
Ñ
BÑ
Lx
, which sends the i-th canonical vertical basis vector ei to p
Ñ
αi mod IÑ
Lx
Ñ
Bq, and with the
derivative of the quotient map
Ñ
U |Ñ
Lx
Ñ Hp
Ñ
BqÑ
Lx
. (See the proof of [3, Thm. 4.1].) Notice that
both maps are surjective over the open subset of
Ñ
Lx where the generators are defined.
• The latter map and the derivative of q ˆ id :
Ñ
U |Ñ
Lx
“ ULxˆsU ,t
Ñ
Lx Ñ H
GpBqLxˆsH ,t
Ñ
Lx, which
sends the i-th canonical vertical basis vector ei to a basic section of t
˚ZLx , commute with the
third isomorphism in eq. (2.4). (See the proof of Prop. 2.8).
This proves the claim.
2.5 Integrating the evaluation map over a leaf
Here we discuss the integration of the morphism of Lie algebroids BLx
ev
Ñ A defined by the evaluation
map (see the short exact sequence (1.2)). To this end, we will use the following, to reduce the
problem to the case of singular foliations.
a) Put
Ñ
Lx be the leaf of the foliation
Ñ
B at 1x. Recall that t :
Ñ
Lx Ñ Lx is a submersion. We
denote
Ñ
ι :
Ñ
Lx ãÑ G and ι : Lx ãÑM the associated immersions (inclusion maps).
4We consider these maps only at points of Lx.
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b) Recall that Hp
Ñ
BqÑ
Lx
– the restriction to
Ñ
Lx of the holonomy groupoid of
Ñ
B – integrates the
transitive Lie algebroid
Ñ
BÑ
Lx
, see Observations 2.13 d). Since
Ñ
B consists of s-vertical vector
fields on G, the map ptÑ
H
, sÑ
H
q : Hp
Ñ
Bq Ñ GˆG takes values in the subgroupoid GˆsGÝÑÝ G.
Whence, we obtain the following morphism of Lie groupoids:
Hp
Ñ
Bq Ñ
Lx
ptÑ
H
,sÑ
H
q
//

Gˆs G
Ñ
Lx


Ñ
ι // G
(2.5)
c) The image of this morphism is the pair groupoid
Ñ
Lx ˆ
Ñ
Lx. On the other hand, the anchor
map of the Lie algebroid
Ñ
BÑ
Lx
over
Ñ
Lx is just the evaluation map
Ñ
ev :
Ñ
BÑ
Lx
Ñ T
Ñ
Lx. In fact,
Ñ
ev is a morphism of Lie algebroids
Ñ
B Ñ
Lx

Ñ
ev // kerpdsq
Ñ
Lx


Ñ
ι // G
(2.6)
d) Diagram (2.5) clearly differentiates to diagram (2.6).
e) The Lie algebroid
Ñ
BÑ
Lx
is isomorphic the action Lie algebroid t˚pBLxq, see Observations 2.13.
Further it is well known that kerpdsq Ñ G is isomorphic to t˚pAq “ A ˆprM ,t G. With this,
diagram (2.6) becomes:
t
˚BLx

evˆι // t˚A
Ñ
Lx


Ñ
ι // G
(2.7)
Theorem 2.15. Given x P M , let Lx be the leaf of FB through x. Put ι : Lx ãÑ M the natural
immersion. Then the map ΦLx : H
GpBqLx Ñ G over ι obtained restricting Φ: H
GpBq Ñ G to Lx
integrates the evaluation map BLx
ev
Ñ A.
Proof. Since the construction in Prop. 2.14 is functorial, we can quotient the immersion
Ñ
ι out of
diagram (2.7) – i.e. pull back by the inclusion Lx ÑM – to obtain the evaluation map ev : BLx Ñ A
(which is a morphism of Lie algebroids over ι : Lx ÑM).
On the other hand, we know that Hp
Ñ
BqÑ
Lx
is diffeomorphic to HGpBqLxˆsH ,t
Ñ
Lx by Observations 2.7
a). It is a long and tedious task to check that applying this diffeomorphism, the groupoid morphism
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in diagram (2.5) becomes
HGpBqLx ˆsH ,t
Ñ
Lx
ΦLxˆι //

Gˆs G
Ñ
Lx


Ñ
ι // G
(2.8)
We conclude by pulling back by the inclusion Lx ÑM again.
The next corollary follows from theorem 2.15 and corollary 2.5
Corollary 2.16. Given x PM , let L be the leaf of FB through x. Then the following are equivalent:
a) The holonomy group Hp
Ñ
Bq1x
1x
is trivial.
b) The evaluation map BLx
ev
Ñ A is integrated by an injective morphism ΦLx : H
GpBqLx Ñ G.
Example 2.17. Let F be a singular foliation of a manifold M (in the sense of [2]). We can view F
as a singular subalgebroid of TM , which is the Lie algebroid of the pair groupoid M ˆM . Recall
that the s-simply connected cover of the pair groupoid is the fundamental groupoid ΠpMq. For
every leaf L of F , we have:
• FL can be integrated by an injectively immersed groupoid HL Ñ L ˆ L iff F has trivial
holonomy at L.
• FL can be integrated by an injectively immersed groupoid H
1
L Ñ ΠpLq iff the pull-back of F
to the universal cover ĂM ÑM has trivial holonomy at rL. Here rL is the leaf of the pull-back
foliation at a point y P ĂM whose image under the covering map lies in L.
3 Smooth holonomy groupoids
The main result of this section is that the holonomy groupoid of a singular subalgebroid B is a Lie
groupoid if and only if B is a projective module, see Prop. 3.3.
3.1 Projective singular subalgebroids
Here we review projective singular subalgebroids. Recall first that a morphism of vector bundles
E Ñ F over IdM is called almost injective if it is fiber-wise injective on an open dense subset of M ,
or equivalently, if the induced map at the level of sections is injective.
Definition 3.1. ([27, Ex 1.5]) Let A Ñ M be a Lie algebroid. A singular subalgebroid B of A
is projective if B is a locally projective C8pMq-module5. An equivalent characterization, due
to the Serre-Swan theorem, is the existence of a vector bundle B Ñ M such that B – ΓcpBq as
C8pMq-modules. We define rankpBq to be the rank of the vector bundle B.
Let us point out the following easy facts. Item c) shows in particular that the vector bundle B is
unique up to isomorphism, thus rankpBq is well defined.
5This means that every p P M has a neighborhood V such that B|V is a direct summand of a free C
8pV q-module.
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a) A further equivalent characterization of B being projective is that dimpB{IxBq is a constant
function of x PM . This is a well-known fact, see for instance [5, Lemma 1.6] for a proof.
b) The vector bundle B acquires a Lie algebroid structure, by means of the C8pMq-module
isomorphism ΓcpBq – B. The inclusion B ãÑ ΓcpAq induces an almost injective morphism of
Lie algebroids τ : B Ñ A.
c) Put pB1, τ 1q another such pair. The C8pMq-module isomorphism ΓcpBq – B – ΓcpB1q induces
an isomorphism of Lie algebroids ζ : B Ñ B1, which satisfies τ 1 ˝ ζ “ τ . Hence the pair pB, τq
unique up to isomorphism. Further, the only Lie algebroid automorphism ξ of B covering
IdM and such that τ ˝ ξ “ τ is the identity IdB , as shown in [13, Prop. 1.22] in a special case.
d) Conversely, suppose there is a Lie algebroid B and an almost injective morphism of Lie alge-
broids ψ : B Ñ A such that τpΓcpBqq “ B. Then clearly B is a projective singular subalgebroid
with rankpBq “ rankpBq.
The following lemma is immediate, since B is isomorphic to the (compactly supported) sections of
a vector bundle:
Lemma 3.2. Let A Ñ M be a Lie algebroid and B a projective singular subalgebroid of A. Let
x P M and tαiu1ďiďk Ă B whose image forms a basis of B{IxB. Let V be a neighborhood of x on
which the tαiu1ďiďk generate B (it exists by Rem. 1.5).
Then for every y P V , the images of tαiu1ďiďk form a basis of B{IyB.
3.2 The holonomy groupoid of a projective singular subalgebroid
Here we prove that the holonomy groupoid HGpBq is a Lie groupoid iff B is projective.
In the following, when we say “HGpBq is a Lie groupoid ” we mean that there exists a (necessarily
unique) smooth structure on HGpBq such that the quotient map 6 :
ď
UPUG
U Ñ HGpBq (see §1.4.3) is
a surjective submersion, where UG is the path-holonomy atlas. With this smooth structure, HGpBq
is a Lie groupoid, as can be seen using the arguments given in [3] for the case that B is a singular
foliation.
Proposition 3.3 (Projectivity and smooth holonomy groupoids). Let A Ñ M be a Lie algebroid,
G a source-connected Lie groupoid integrating it, and B a singular subalgebroid of A. Then:
a) HGpBq is a Lie groupoid whose source fibers have dimension k if and only if B is a projective
C8pMq-module of rank k.
b) In this case, denote by B the Lie algebroid such that B – ΓcpBq, and by τ : B Ñ A the
almost injective Lie algebroid morphism inducing this isomorphism. Then for any choice of
Lie groupoid G integrating A:
i) HGpBq is a Lie groupoid integrating B,
ii) the canonical morphism Φ: HGpBq Ñ G is a Lie groupoid morphism integrating τ : B Ñ
A.
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Proof. a) “ñ” For every x P M , B{IxB has dimension equal to the source fiber H
GpBqx, as a
consequence of Prop. 2.14. If HGpBq is a Lie groupoid whose source fibers have dimension
k, then B{IxB has dimension k for all x P M . This means exactly that B is a projective
C8pMq-module of rank k, as recalled just after Def. 3.1.
“ð” Conversely, suppose that B is locally projective, of rank k. Let x P M , tαiu1ďiďk Ă B
whose image forms a basis of B{IxB, and pU,ϕ,Gq the corresponding path-holonomy bisub-
mersion. By Lemma 3.2, the minimality assumption of Rem. 2.10 is satisfied at every point y
lying in a neighborhood V of x. We deduce that (shrinking U if necessary) the quotient map
qU : U Ñ H
GpBq
is injective. Hence there is a unique smooth structure in a neighborhood of 1x in H
GpBq such
that qU is a diffeomorphism onto its image. Repeating for an open cover of M , we see that
HGpBq is a Lie groupoid.
b) Suppose that B is projective.
Claim 1: The canonical map Φ: HGpBq Ñ G is a Lie groupoid morphism.
Let pU,ϕ,Gq be a minimal path holonomy bisubmersion of B at x PM . We may assume that
the bisubmersion U is an open subset of V ˆ Rk about the point px, 0q, where V :“ sU pUq
is an open neighborhood of x in M and k “ dimpBxq. As we explained in the proof of
the implication “ð” in item a), the quotient map qU is injective, so we can identify U with
the open subset qUpUq of H
GpBq about the identity 1x. By the definition of the map Φ we
have ϕ “ Φ ˝ qU , whence Φ|qU pUq corresponds to ϕ under this identification, proving that
Φ: HGpBq Ñ G is smooth and therefore a Lie groupoid morphism. ▽
Claim 2: The Lie algebroid morphism associated to Φ is almost injective and induces an iso-
morphism Γc
`
ApHGpBqq
˘
– B.
Using the identification of U with the open subset qUpUq of H
GpBq, this Lie algebroid mor-
phism is given as follows: it is the restriction of dϕ to V ert|V , where the vertical bundle V ert
consists of the tangent spaces to the fibers of sU “ pr1 : U Ă V ˆR
k Ñ V . Using the definition
of ϕ (see Prop.-Def. 1.11) one computes that
pdyϕqpy, λq “
ÿ
i
λiαi|y,
where y P V and α1, . . . ,αk are the local generators of B used to construct the path holonomy
bisubmersion U . Hence the map of sections
dϕ : ΓpV ert|V q Ñ tα|V : α P Bu (3.1)
is surjective. Its injectivity is a consequence of the fact that the singular subalgebroid B is
projective. Indeed, assume that λ : V Ñ Rk is a smooth function such that
ÿ
i
λiαi “ 0. Then
at every y P V we have
ÿ
i
λipyqrαis “ 0 P By, and we know by Lemma 3.2 that the rαis
form a basis of By. We conclude that λ is the zero function, proving that the map in (3.1)
is injective and therefore an isomorphism. By a partition of unity argument on M , it follows
that the Lie algebroid morphism associated to Φ maps Γc
`
ApHGpBqq
˘
isomorphically onto B.
This implies in particular that it is almost injective. ▽
Now we can proceed to prove the two items.
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i) Consider the following composition of isomorphism of singular subalgebroids (the first
induced by Φ as in Claim 2, the second induced by τ):
Γc
`
ApHGpBqq
˘
– B – ΓcpBq. (3.2)
It shows that the Lie algebroid of HGpBq is isomorphic to B, as desired.
ii) Again by Claim 2, the Lie algebroid morphism associated to Φ, at the level of sections,
is an isomorphism Γc
`
ApHGpBqq
˘
Ñ B. Applying the isomorphism (3.2) to the domain,
it becomes the isomorphism ΓcpBq Ñ B induced by τ .
An alternative proof of Prop. 3.3 b) is given in Appendix B. Unlike the one above, it does not rely
of the smoothness results of §2.3.
3.3 Adjoint and source-simply connected Lie groupoids
Let A be an integrable Lie algebroid. Let B be a projective singular subalgebroid, and B the Lie
algebroid with B – ΓcpBq. We just saw in §3.1 that for any choice of Lie groupoid G integrating A,
the holonomy groupoid HGpBq is a Lie groupoid integrating B. We address the question of whether,
for some choice of G, the holonomy group is the “largest” or the “smallest” among the Lie groupoids
integrating B. In this sense, this subsection complements [27, §3.3].
Definition 3.4. ([13, Def. 1.19]) Let A be an integrable Lie algebroid overM . An adjoint groupoid
is a terminal object in the following category:
• Objects are pairs pG,φq consisting of an s-connected Lie groupoid G and a Lie algebroid
isomorphism φ : AGÑ A covering IdM . (Recall that AG “ kerpdsq|M .)
• Morphisms from pG,φq to pG1, φ1q are Lie groupoid morphisms Ψ: G Ñ G1 whose associated
Lie algebroid morphism intertwines φ and φ1, i.e. φ1 ˝Ψ˚ “ φ.
Assume the adjoint groupoid pG,φq of A exists. Consider the holonomy groupoid HGpBq obtained
using G. It is tempting to hope that HGpBq is the adjoint groupoid of B, when taken together with
the canonical isomorphism ApHGpBqq – B of eq. (3.2). When HGpBq is the holonomy groupoid
HpFq of a singular foliation, this is the case. (See [2, Prop. 3.8], together with the fact that when
B is an almost injective Lie algebroid, the only Lie algebroid automorphism of B covering IdM is
the identity [13, Prop. 1.22].)
However in general it is not true that HGpBq is the adjoint groupoid of B, as Example 3.5 below
shows. Further, given a Lie groupoid K integrating B, there might not be any Lie groupoid mor-
phism K Ñ G integrating the almost injective morphism τ : B Ñ A. (Among Lie groupoids K that
do admit such a morphism, the holonomy groupoid is the minimal one, see Prop. 6.16 later on.)
Example 3.5. Let g be a Lie algebra, k a Lie subalgebra, and G a connected Lie group integrating
g. Then HGpkq is the Lie subgroup of G integrating k, by Ex. 1.22.
Now choose g for which the adjoint group G exists (for instance, take g “ sop3q, for which the
adjoint group is G “ SOp3q.) Let k be any one-dimensional Lie subalgebra of g. Then k, being
an abelian Lie algebra, does not admit an adjoint Lie group. (In particular, the “circle” is not the
adjoint group.) In particular the Lie subgroup of G integrating k is not an adjoint group.
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Similarly, taking G to be the source simply connected Lie groupoid integrating A, the Lie groupoid
HGpBq integrating B is not source simply connected in general. This can be seen from the fact that
given6 a simply connected Lie group G, not every Lie subgroup is simply connected. Even when B
is a foliation, HGpBq can fail to be source simply connected, see [27, Ex. 3.31].
4 The holonomy groupoid as a diffeological groupoid
The notion of diffeology was introduced by Souriau in [24] in order to extend differential geometry
to topologically pathological situations. In particular, Souriau used it to show that the group of
diffeomorphisms differentiates to the (infinite-dimensional) Lie algebra of vector fields. Diffeology
works very well with quotient spaces, like the holonomy groupoid we discuss in this article. On the
other hand, analogously to the Lie algebra of vector fields studied by Souriau, singular subalgebroids
are infinite dimensional Lie algebras as well. So it is natural to use Souriau’s ideas in order to provide
a framework for the integration of singular subalgebroids.
In this section we introduce diffeological groupoids and show that the our holonomy groupoid is
an example (Prop. 4.12). We also single out in §4.4 some properties that the holonomy groupoid
– viewed as a diffeological groupoid – always satisfies: the “holonomy-like” property, the “source-
submersive” property, and the “open map/local subduction” property.
4.1 Diffeological spaces
To make our account self-contained we start with an overview of diffeological spaces [24], following
in part the monograph [15]. Let X be a set. We also consider the sets of maps:
• χ : Oχ Ñ X, where Oχ is an open subset of Euclidean space R
k for some k P N. A map χ as
such is called a k-plot.
• smooth h : Oh Ñ O
1
h where Oh Ď R
n and O1h Ď R
kare open subsets.
We say that a pair ph, χq as above is composable if hpOhq Ă Oχ. Also, a family tχi : Oi Ñ XuiPI ,
where Oi Ď R
k for every i P I, is called compatible if for every x P Oi XOj we have χipxq “ χjpxq.
In this case there is a unique smallest extension χ :
ď
iPI
Oi Ñ X.
Definition 4.1. Consider a set X and for every k P N let PkpXq be a collection of k-plots χ. The
collection PpXq “
ď
kPN
PkpXq is called a diffeology if:
(D1) Every constant map x : O Ñ X is in PpXq.
(D2) Given a compatible family tχiuiPI in PkpXq, its smallest extension is in PkpXq.
(D3) If h as above and χ P PkpXq are composable then χ ˝ h is in PnpXq.
If F is a set of plots, the intersection of all diffeologies containing F is a diffeology denoted xF y. It
is called the diffeology generated by F . It is the smallest diffeology containing F . In [15, §1.68] it
is characterized as follows:
6For instance, take G “ SUp2q and the Lie subgroup consisting of diagonal matrices, which is a one-dimensional
torus.
27
Proposition 4.2. Let F be a set of plots. A k-plot χ : Oχ Ñ X belongs to the diffeology xF y
iff for every point x in Oχ there is a neighborhood Ox of x such that either χ|Ox is constant or
χ|Ox “ χ
1 ˝ h, where χ1 P F and h is such that the pair pχ1, hq is composable.
A diffeology on a set X induces a canonical topology on X:
Definition 4.3. If pX,PpXqq is a diffeological space, the D-topology of X is defined as follows:
A subset W of X is open iff for each plot χ in PpXq the inverse image χ´1pW q Ă Oχ is open.
We also need to specify the notion of a smooth map in this context.
Proposition-Definition 4.4. a) Let pX,PpXqq and pY,PpY qq two diffeological spaces. A map
f : X Ñ Y is called smooth if for every χ P PpXq the composition f ˝ χ is in PpY q (It
suffices to check this condition for a generating set of PpXq). The collection of smooth maps
as such is denoted rX,Y s.
b) Let pX,PpXqq a diffeological space and X 1 a set. For any map f : X Ñ X 1 there exists a finest
diffeology f˚pPpXqq on X 1 which makes f smooth. It is called pushforward diffeology and
is characterized as follows: A map χ1 : O1 Ñ X 1 is a plot in f˚pPpXqq iff for every r P O1
there exists an open neighborhood ĂO1 of r such that
i) either χ1|ĂO1 is constant, or
ii) there exists a plot χ : O Ñ X in PpXq such that χ1|ĂO1 “ f ˝ χ.
When f is surjective, this is called quotient diffeology, and in the above characterization
item i) becomes superflous.
Remark 4.5 (Smooth maps on manifolds). In the special case that X is a smooth manifold and
pY,PpY qq a diffeological space, f : X Ñ Y is smooth iff for any coordinate neighbourhood O Ă X
we have that f |O : O Ñ Y is a plot in PpY q. Here and in the following we abuse slightly notation by
identifying the coordinate neighbourhood O with an open subset of RdimpXq using the chart given
by the coordinates. The above is a consequence of the fact that PpXq is generated by tφ´1 : φ P au
where a is an atlas for M , see Ex. 4.6 a) below.
The following examples show that the category of diffeological spaces defined above includes man-
ifolds and quotient spaces. Our holonomy groupoid HGpBq is also an example of a diffeological
space, but we will examine it more thoroughly in the next section §4.2.
Examples 4.6. a) Let M be an finite dimensional manifold. For every n P N, we consider
PnpMq to be the smooth maps O Ñ M in the usual sense of differential geometry. If a is
an atlas of M then the diffeology PpMq is the one generated by a´1 “ tφ´1 : φ P au. The
D-topology of M coincides with the topology induced on M by the atlas a.
If N is another manifold, we have C8pM,Nq “ rM,N s. Notice that the diffeology PpMq
determines uniquely7 the manifold structure on M .
b) Let tpXi,PpXiqquiPI be a family of diffeological spaces, Y a set and fi : Xi Ñ Y maps. The
final diffeology on Y is the one generated by fi ˝ χ for all i P I and all plots χ P PpXiq. It is
the smallest diffeology making all the fi smooth.
7This is due to the fact that, on a smooth manifold M , the diffeomorphisms from open subsets of M to open
subsets of Euclidean space are exactly the charts of M .
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c) If tpXi,PpXiqquiPI is a family of diffeological spaces, we endow the disjoint union
ž
iPI
Xi with
the final diffeology induced by the inclusion maps ιi : Xi Ñ
ž
iPI
Xi.
d) Given a diffeological space pX,PpXqq and an equivalence relation „ on X, we endow the
quotient X{ „ with the final diffeology induced by the projection π : X Ñ X{ „. It agrees
with the quotient diffeology introduced in Prop-Def. 4.4. The D-topology of the diffeology
on X{ „ coincides with the quotient topology on X{ „ (induced by the projection π and the
D-topology on X).
The following maps [15, §2.17] play the role of surjective submersions:
Definition 4.7. Let X,Y be diffeological spaces. A smooth surjective map f : X Ñ Y is a local
subduction if the following holds for every x P X: for any plot χ : Oχ Ñ Y and any point r P Oχ
with χprq “ fpxq, there is an open neighborhood V of r and a plot χ1 : V Ñ X so that χ|V “ f ˝χ1
and χ1prq “ x.
Local subductions are in particular subductions [15, Ch. 1.46]; the latter are defined as surjective
maps such that the diffeology on the codomain is the quotient diffeology.
Remark 4.8. One can regard local subductions as being the analogue – in the diffeological category
– of surjective submersions in the category of manifolds. Indeed, when Y is a manifold, the definition
of local subduction can be interpreted as saying that every point of X lies on a local section of f
(i.e. in the image of a smooth map χ1 such that f ˝ χ1 “ Id).
Further, local subductions are open maps with respect to the D-topologies, see [15, §2.20]. Open
maps are often regarded as the analogues of submersions in the topological category. As an aside,
this fact provides another proof of Prop. 1.19.
We finish with a lemma that is not essential for this paper, and will be used in Remark 6.3.
Lemma 4.9. Let pX,PpXqq be a diffeological space and tχiop : O
i
op Ñ XuiPI be a generating set for
PpXq consisting of open maps. Let tχj : Oj Ñ XujPJ be another generating set for PpXq. Then
for every j P J there is an open subset ĂOj Ă Oj such that tχj |ĂOjujPJ is a generating set for PpXq
consisting of maps such that the images χjpĂOjq are open in X.
Proof. We provide a sketch. Fix i P I and x P Oiop. Since the tχ
jujPJ form a generating set, there
exists a neighborhood Oioppxq of x, and index j P J and a smooth map τ
x making this diagram
commute:
Oj
χj // X
Oioppxq
τx
OO✤
✤
✤ χiop
<<②②②②②②②②②
Notice that V i,x :“ χioppO
i
oppxqq is an open subset of X. Now for every j P J define
ĂOj :“
YiPI YxPOiop pχ
jq´1pV i,xq.
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4.2 Diffeological groupoids
Roughly, a diffeological groupoid is a groupoid internal to the category of diffeological spaces, much
like a Lie groupoid is essentially a groupoid internal to the category of smooth manifolds. Let us
recall the definition from [15, §8.3] in more detail, but imposing the requirement that the set of
objects is a manifold:
Definition 4.10. A diffeological groupoid is a groupoid H ÝÑÝ M , where pH,PpHqq is a diffeo-
logical space and M a manifold, such that
a) The source and target maps s, t : H ÑM are smooth.
b) The composition map H ˆs,t H Ñ H is smooth, when H ˆs,t H is equipped with the subset
diffeology of H ˆH.
c) The inversion map ι : H Ñ H is smooth.
d) The unit inclusion map 1 :M Ñ H is smooth.
Remark 4.11. It is obvious from definition 4.10 that diffeological groupoids with a single object
(M “ tptu) are diffeological groups in the sense of [14].
An example of diffeological groupoid is our holonomy groupoid: Let B be a singular subalgebroid
and UG its path-holonomy atlas (definition 1.16). Recall that UG consists of all minimal path-
holonomy bisubmersions pU,ϕ,Gq together with their inverses and finite compositions. Using UG
we attach a diffeology PpUGq to HGpBq as follows:
• Each U P UG is a smooth manifold, whence a diffeological space with the diffeology described in
item (a) of ex. 4.6. Its diffeology is generated by the usual manifold charts tpφUi q
´1 : Oi Ñ Uu,
where Oi are open subsets of R
dimU .
• Put X “
ž
UPUG
U and for every U P UG consider the inclusion map ιU : U Ñ X. The set X is
a diffeological space with the diffeology defined in item (c) of ex. 4.6. Namely its diffeology is
generated by ιU ˝ pφ
U
i q
´1 : Oi Ñ X for every U P UG.
• The path-holonomy diffeology PpUGq is the final diffeology induced by the projection map
π : X Ñ X{ „ (see item (d) of ex. 4.6). Its diffeology is generated by π ˝ ιU ˝ pφ
U
i q
´1 : Oi Ñ
HGpBq. Notice that π ˝ ιU is the quotient map qU : U Ñ H
GpBq. Thanks to idem (d) of ex.
4.6, the associated D-topology of HGpBq is the quotient topology.
Proposition 4.12 (The holonomy groupoid as diffeological groupoid). Let B be a singular subal-
gebroid of a Lie algebroid AG. Then:
a) The path-holonomy diffeology is canonical.
b) The path-holonomy diffeology makes the holonomy groupoid HGpBq into a diffeological groupoid.
Proof. a) We first check that the path-holonomy diffeology is canonical. Recall that any two
path-holonomy atlases are equivalent (see [27, Appendix C], also for the definitions). Let U
and U 1 be two equivalent atlases of bisubmersions for the singular subalgebroid B. Denote
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by π : X Ñ X{ „ and π1 : X 1 Ñ X 1{ „ the projection maps, whose final diffeologies on
HGpBq “ X{ „“ X 1{ „ we denote by PpUq and PpU 1q respectively.
If x P U P X, there is a (smooth) morphism of bisubmersions f : U0 Ñ U
1 for some neigh-
borhood U0 of x in U and a bisubmersion U
1 P X 1, since the atlas U is adapted to U 1.
Hence π|U0 “ π
1 ˝ f is a smooth map with respect to the diffeology PpU 1q. This shows that
PpUq Ă PpU 1q, and by symmetry we obtain the equality.
b) We have to show that the structure maps in Def. 4.10 are smooth. We do so only for b)
(the composition map m), as the other cases are similar. Let U1, U2 P U
G, and let O1,O2
be coordinate charts there. Then pqU1|O1 , qU2 |O2q is a plot in the diffeology of the Cartesian
product HGpBq ˆ HGpBq, and we use the same notation for plot obtained by restriction to
the fiber products over M . We have to show that m ˝ ppqU1 |O1 , qU2 |O2q is a plot in the path-
holonomy diffeology of HGpBq. This holds because qU :“ m ˝ pqU1 ˆ qU2q, being the quotient
map associated to the composition of two bisubmersions in UG, lies in UG.
U :“ U1 ˆs1,t2 U2
qU1ˆqU2

qU
((P
PP
P
PP
HGpBq ˆs,t H
GpBq m
// HGpBq
Remarks 4.13. a) (The path-holonomy diffeology) Let us explain more precisely the diffeolog-
ical structure of HGpBq near the identity: Consider a minimal path-holonomy bisubmersion
pU,ϕ,Gq. Shrinking U if necessary, we may use a manifold chart to identify U with an open
subset of RdimU . On the other hand, qU pUq is an open subset of H
GpBq near the identity.
Whence the set HGpBqop “
ď
U
qU pUq is an open subset of H
GpBq which contains the identity
M . (Note that the above union is given only by single path-holonomy bisubmersions, and not
by finite compositions of bisubmersions as such.) So the diffeology Q of HGpBqop is the one
generated by the quotient maps qU : U Ñ H
GpBqop.
b) (Smoothness of Φ) The groupoid HGpBq comes together with the map Φ : HGpBq Ñ G. Let
us explain the smoothness of Φ in the diffeological setting: By construction we have that the
following diagram commutes, for every minimal path-holonomy bisubmersion U :
U
qU ##❍
❍❍
❍❍
❍❍
❍❍
ϕ // G
HGpBqop
Φ
;;✈✈✈✈✈✈✈✈✈
(4.1)
This makes the restriction of Φ to HGpBqop an element of rH
GpBqop, Gs. Allowing finite
compositions and inverses in the above discussion, we see that Φ P rHGpBq, Gs.
c) (The underlying topology) Recall that HGpBq is a topological groupoid, with the quotient
topology induced by π : X Ñ X{ „“ HGpBq. This topology agrees with the D-topology
underlying the path-holonomy diffeology. This is an immediate consequence of Ex. 4.6 d).
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d) (The projective case: diffeology) When B is projective, the diffeology of HGpBq defined by its
smooth structure (cf. Prop. 3.3) coincides with the path-holonomy diffeology. To see this,
recall from the proof of Prop. 3.3 a) (and remark 2.10) that in this case the quotient map qU :
U Ñ HGpBq is a diffeomorphism onto its image, for minimal path-holonomy bisubmersions.
e) (The projective case: topology) When HGpBq is a Lie groupoid – in the sense explained just
before Prop. 3.3 – the topology induced by its (necessarily unique) smooth structure is exactly
the D-topology (cf. Def. 4.3) induced by the path-holonomy diffeology PpUGq. This follows
from item d) and the fact that the D-topology on a smooth manifold with the associated
diffeology agrees with the usual topology on the manifold, see Ex. 4.6 a).
4.3 Bisections
Let H ÝÑÝ M be a diffeological groupoid. The key to the differentiation we carry out in §5 is the
notion of a bisection, which we introduce and discuss here.
Definition 4.14. a) A global bisection of H is a smooth map b : M Ñ H which is right-
inverse to sH . We use the term bisection when the domain is any open subset of M .
b) Let I “ p´δ, δq be an interval. Consider a family tbλ : V Ñ HuλPI of bisections. This
family is called smooth iff the map V ˆ I Ñ H, px, λq ÞÑ bλpxq is smooth as a map between
diffeological spaces.
Remarks 4.15. a) Fix a generating set of plots X “ tχ : Oχ Ñ Hu in PpHq. If b : Vb Ñ H is
a bisection and Vb is small enough, there exists a plot χ : Oχ Ñ H in X and a smooth map
u : Vb Ñ Oχ satisfying χ ˝ u “ b. This follows from Rem. 4.5 and Prop. 4.2.
b) An example of a global bisection is the identity bisection 1M of H, namely the unit inclusion
map, which is smooth by the definition of diffeological groupoid.
c) For the holonomy groupoid HGpBq, the fact mentioned in the previous item can be also seen
as follows: Let pU, t, sq be a minimal path-holonomy bisubmersion and put V “ spUq. Since
V Ñ U, x ÞÑ px, 0q is a bisection of the bisubmersion, it follows that 1V : V Ñ H
GpBq defined
by 1V pxq “ qpx, 0q is a bisection of the holonomy groupoid.
Global bisections can be multiplied: for i “ 1, 2 consider global bisections bi : M Ñ H. We define
b2 ˚ b1 : M Ñ H by
pb2 ˚ b1qpxq “ b2pptH ˝ b1qpxqq ¨ b1pxq
where the product on the right-hand side is the groupoid multiplication of H. Similarly, the inverse
to a global bisection b is the global bisection b´1 determined by b´1ppt ˝ bqpxqq “ pbpxqq´1 for all
x PM (see [21, Prop. 1.42]).
Definition 4.16. A smooth family of global bisections tbtutPI of H is called a 1-parameter group
iff
a) b0 “ 1M ,
b) bλ`µ “ bλ ˚ bµ whenever λ, µ, λ` µ P I.
The next result proves the existence of many 1-parameter groups of global bisections for HGpBq.
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Proposition 4.17. Let B be a singular subalgebroid. Then for every x PM there is a neighborhood
V with this property: every α P B with support in V gives rise to an 1-parameter group of compactly
supported8 global bisections bλ of H
GpBq defined on V , satisfying
d
dλ
|λ“0pΦ ˝ bλq “ α.
Proof. Given x P M , consider a minimal path-holonomy bisubmersion pU,ϕ,Gq at x, and define
V :“ ps ˝ ϕqpUq. Pick a section α P B with support in V , and consider the corresponding right-
invariant vector field
Ñ
α of G. From definition 1.10 we have ϕ´1p
Ñ
Bq “ ΓcpU ; ker dsU q, whence there
is a vector field ξ P ΓpU ; ker dsU q which is ϕ-related to
Ñ
α. Looking at [21, §3.6] we may assume that
there is an interval I “ p´ǫ, ǫq such that the flow tAλuλPI of
Ñ
α is defined on an open subset W of
G which contains an open neighborhood of V in the base manifold M . Since ξ is ϕ-related to
Ñ
α we
can assume that the flow tΞλuλPI of ξ is defined in an open subset Wˆ of U which contains V ˆt0u.
The situation is summarized in the following diagram:
U
ϕ
ÝÑ G
ξ, tΞλu
Ñ
α, tAλu
For every λ define uλ : V Ñ U by
uλpxq “ Ξλpx, 0q. (4.2)
The family tuλuλPI is obviously smooth. Composing each uλ with the quotient map qU : U Ñ
HGpBq we obtain a 1-parameter family of bisections tbλuλPI ofHGpBq, with the following properties:
• It satisfies
d
dλ
|λ“0pΦ ˝ bλq “ α by construction, using that Φ ˝ qU “ ϕ.
• The bisections bλ are compactly supported. Indeed, for all y P V with y R Supppαq we
have bλpyq “ 1y P H
GpBq, for every λ. This follows from Rem. 1.18 and the fact that in
a neighborhood of y, uλ is a bisection of U which carries the identity bisection of G (i.e.
ϕpuλq Ă 1M in such a neighborhood).
• It satisfies the properties of definition 4.16. Indeed:
a) b0 Ă 1M , as a consequence of u0pxq “ px, 0q.
b) We have to prove that the bisections bλ ˚ bµ and bλ`µ of HGpBq coincide. They both
carry the bisection
Aλ ˚Aµ “ Aλ`µ
of G, since Φ is a groupoid morphism, since Φ ˝ qU “ ϕ : U Ñ G and ξ is φ-related to
Ñ
α.
Here the equality holds because tAλu is the flow of a right invariant vector field on G
(namely,
Ñ
α). Since both bλ ˚ bµ and bλ`µ carry the same bisection of G, they coincide
(see the proof of the later Thm. 6.19 for a detailed explanation).
8More precisely this means: the bisections agree with the identity bisection of V outside a compact subset of V .
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4.4 Desirable properties of diffeological groupoids
For diffeological groupoids, we introduce three properties, which are always satisfied by the holon-
omy groupoid. The first of them, the “holonomy-like” property, plays an important role in the
differentiation of diffeological groupoids, explained in §5.1. The second property is implied by the
third one, which comes in two flavours (the “open map” and the “local subduction” property) and
which will be important for the notion of integral in §6.
We first present an important lemma, that applies to all diffeological groupoids.
Lemma 4.18. Let H ÝÑÝ M be a diffeological groupoid. Let tχ : Oχ Ñ Hu be any generating set of
plots in PpHq. Then for every x P M there is a neighbourhood V Ă M , a plot χ in the generating
set, and a submanifold e Ă Oχ, such that
i) χ|e : eÑ 1pV q is a diffeomorphism,
ii) sH ˝ χ and tH ˝ χ are submersions at points of e.
Proof. Fix x PM . The inclusion of the identity elements 1 :M Ñ H is smooth by Def. 4.10. There
is an open neighbourhood V of x in M so that 1|V is a plot for H in PpHq, since M is a manifold,
see Rem. 4.5 (after identifying V with an open subset of RdimpMq by means of a chart). There exists
a generating plot χ : Oχ Ñ H as in Def. 4.19 and a smooth map 1˜ : V Ñ Oχ with χ ˝ 1˜ “ 1|V , by
Prop. 4.2, after shrinking V if necessary.
Notice that, since sH ˝ 1|V “ IdV , the map 1˜ is a smooth section of sH ˝ χ : Oχ Ñ V . This has two
consequences.
The first is that e :“ 1˜pV q Ă Oχ is a submanifold of Oχ, shrinking V if necessary, because 1˜
is an injective immersion. Further χpeq “ 1pV q is an open neighbourhood of 1x in 1M . Also,
χ|e : eÑ χpeq “ 1pV q is a diffeomorphism, because it is the inverse of the diffeomorphism 1˜ : V Ñ e.
e Ă Oχ
χ // H
V
1˜
cc●●●●●●●●●
1|V
OO (4.3)
The second consequence is item ii) in the statement.
4.4.1 The “holonomy-like” property
We describe a specific property of diffeological groupoids, which will be used in §5.1. This property
is reasonable in view of Lemma 4.18, and loosely speaking it implies that there is a generating set for
H nearby the identity section consisting of “few plots” (see Prop. 4.2). The plots of this generating
set can heuristically described as being “semi-local subductions over points of 1M ”, a variation of
the notion of local subduction where a condition is imposed on submanifolds rather than points.
Definition 4.19. A diffeological groupoid H ÝÑÝ M is called holonomy-like if there exists an open
neighborhood
˝
H of M in H and a generating set of plots X “ tχ : Oχ Ñ
˝
Hu in Pp
˝
Hq such that
the following holds for all χ, χ1 P X :
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• Let e Ă Oχ, e
1 Ă Oχ1 be submanifolds such that χpeq “ χ1pe1q is an open subset of 1M Ă H
and χ|e : e Ñ χpeq and χ
1|e1 : e1 Ñ χ1pe1q are diffeomorphisms. Let x1 P e1. Then there exists
a smooth map k : Oχ1 Ñ Oχ with kpe
1q “ e and χ ˝ k “ χ1, after shrinking Oχ1 to a smaller
neighborhood of x1 if necessary.
H
Oχ
χ
>>⑥⑥⑥⑥⑥⑥⑥⑥
Oχ1
k
oo❴ ❴ ❴ ❴ ❴ ❴ ❴
χ1
aa❇❇❇❇❇❇❇❇
(4.4)
Proposition 4.20. The holonomy groupoid HGpBq is holonomy-like.
Proof. Take
˝
H “ H and X equal to the path holonomy atlas (see definition 1.16). Let χ, χ1, e, e1
be as in Def. 4.19. In particular, e is a bisection of the bisubmersion Oχ, and similarly for e
1 and
Oχ1 . It follows that pΦ ˝ χqpeq and pΦ ˝ χ
1qpe1q are both mapped into the identity bisection of G.
Hence there is a morphism of bisubmersions k : Oχ1 Ñ Oχ with kpe
1q “ e, as follows from the proof
of Prop. 1.15 in [27, Prop. 3.2, Cor. 3.3] (that proof is analogous to [2, Prop. 2.10 b), Cor. 2.11
a]). We have χ ˝ k “ χ1 by the definition of the equivalence relation used in the construction of the
holonomy groupoid (see §1.4.3), since k is a morphism of bisubmersions.
4.4.2 The “source-submersive” property
Recall that the source map of a Lie groupoid is a surjective submersion. We show here that for
diffeological groupoids the analogous property holds under certain assumptions.
Definition 4.21. A diffeological groupoid H ÝÑÝ M is source-submersive if through every point
of H there is a (local) bisection. (Notice that in this case the maps s : H ÑM and t : H ÑM are
local subductions, thus in particular open maps9).
The assumptions of the next lemma are clearly satisfied by the holonomy groupoid HGpBq (thanks
to Prop. 1.19) and by Lie groupoids. More generally, Prop. 4.23 shows that these assumptions are
satisfied by diffeological groupoids generated by open maps, as introduced in §4.4.3.
Lemma 4.22. Let H ÝÑÝ M be a (source-connected) diffeological groupoid. Assume there exist plots
tχi : Oχi Ñ Hu in PpHq such that
i) s ˝ χi : Oχi ÑM and t ˝ χi are submersions, for all i,
ii)
˝
H :“ YiImagepχiq is an open neighborhood of M in H.
Then H is source-submersive.
Proof. Claim: Through every point of
˝
H there is a bisection.
Let h P
˝
H. Then h “ χipxq for some x P Oχi . By assumption i), there is a smooth submanifold of
Oχi through x which is transverse to both the s ˝ χi-fibers and the t ˝ χi-fibers. It is the image of
9This follows immediately from Def. 4.7 and Remark 4.8.
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a unique local section σ of s ˝ χi. Hence χi ˝ σ is a smooth bisection of H through h, proving the
claim.
Oχi
χi // H
s

M
σ
aa❈❈❈❈❈❈❈
(4.5)
▽
Every source-connected topological groupoid is generated by any symmetric open neighborhood of
the identity section (this can be proven as in [21, Prop. 1.5.8]). Hence, by assumption ii), any
point h P H is the product h1 ¨ ¨ ¨ hk of points in
˝
H. By the claim, there is a smooth bisection bj
through hj for all j. Their product b1 ˚ ¨ ¨ ¨ ˚ bk is a smooth bisection through h. This proves the
statement.
The following proposition provides a sufficient criterium for being source-submersive, and an addi-
tional property.
Proposition 4.23. Let H ÝÑÝ M be a diffeological groupoid. Assume there is an open neighborhood˝
H of 1M in H whose diffeology is generated by open maps, i.e.: there exists a generating set of plots
tχi : Oχi Ñ
˝
Hu of Pp
˝
Hq such that each χi is an open map. Then:
i) the diffeological groupoid H is source-submersive,
ii) there is a neighborhood H˘ of the identity 1M in H such that for all h P H˘ there is a 1-parameter
family of global bisections tbλuλPr0,1s with h P b1.
Proof. For every x P 1M , by Lemma 4.18 we know that there is a neighbourhood V of x in M , a
plot χ in the above generating set, and a submanifold e of Oχ, such that
• χ|e : eÑ 1pV q Ă 1M is a diffeomorphism,
• sH ˝ χ and tH ˝ χ are a submersion at points of e.
Therefore there is a neighborhood
˝
Oχ of e in Oχ so that
• the image of
˝
Oχ under χ is a neighborhood of 1pV q in H (here we use the assumption that χ
is an open map),
• sH ˝ χ and tH ˝ χ are submersions when restricted to
˝
Oχ.
We now prove the two items of the lemma.
i) The set of plots tχi| ˝
Oχi
:
˝
Oχi Ñ
˝
Hu satisfies the assumptions of Lemma 4.22.
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ii) Claim: Fix an index i. Shrinking
˝
Oχi to a smaller neighborhood of ei if necessary, every point
of p P
˝
Oχi lies on u1 where uλ are sections of sH ˝ χi :
˝
Oχi Ñ Vi depending smoothly on
λ P r0, 1s, transverse to the fibers of tH ˝ χi, with compact support, and with u0 “ pχ|eiq
´1.
Given the claim, we have χippq P b1 where
bλ :“ χi ˝ uλ, λ P r0, 1s,
is a 1-parameter family of bisections in H with support in Vi, which hence can be extended
trivially to global bisections. Taking H˘ “ Yiχip
˝
Oχiq, this proves the desired statement.
To show the claim, since we are working locally, we may assume that sH ˝ χi :
˝
Oχi Ñ Vi is
a neighborhood of the zero section of a metric vector bundle with zero section ei. Clearly ei
is transverse to the fibers of tH ˝ χi. For every unit length vector v P
˝
Oχi , extending v to
a compactly supported section of this vector bundle, we obtain a vertical fiberwise constant
vector field, and there is ǫ ą 0 so that the image of ei under its flow is transverse to the
fibers of tH ˝ χi for all times in r0, ǫq. Hence each of the points tv, for t P r0, ǫq, satisfies the
statement of the claim.
4.4.3 The “open map” and “local subduction” property
Here we look at diffeological spaces and groupoids admitting a generating set of plots which define
either an open map, or a local subduction. Recall these two kinds of maps are the analogues of
(surjective) submersions respectively in the topological and the diffeological category.
Definition 4.24. Let pX,PpXqq a diffeological space. We say that the diffeology is generated by
open maps if there exists a generating set tχi : Oi Ñ XuiPI of plots in PpXq such that χi : Oi Ñ X
is an open map for all i. Equivalently, so that the combined map \χi : \Oi Ñ X is an open map.
We already applied this notion to a diffeological groupoid H in Lemma 4.23, where we showed that
the diffeology of H is generated by open maps, the H is source-submersive.
Remark 4.25. Let H be a diffeological groupoid. The following are equivalent:
• the diffeology of H itself is generated by open maps,
• there is a open neighborhood
˝
H of 1M whose diffeology is generated by open maps.
The implication from top to bottom is easy. For the other implication, notice that the existence
of such
˝
H implies that a generating set for PpHq is obtained composing the plots tχi : Oχi Ñ
˝
Hu
as in Prop. 4.23 with the right-translations Rb, where the b range over all bisections of H. Each
Rb ˝ χi is an open map, being a composition of such.
Definition 4.26. Let pX,PpXqq a diffeological space. We say that the diffeology is generated
by local subductions if there exists a generating set tχi : Oi Ñ XuiPI of plots in PpXq such that
\χi : \Oi Ñ X is local subduction.
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Recall that local subductions were defined in Def. 4.7, are surjective by definition, and are always
open maps. In the following remark we rephrase Def. 4.26 in terms of the individual plots χi.
Remark 4.27. Given a diffeological space X and a generating set of plots tχi : Oi Ñ XuiPI in
PpXq, the following is equivalent:
• the map \χi is a local subduction,
• i) for each i P I, the image χipOiq is an open subset of X (endowed with the D-topology),
ii) for each i P I, the map χi : Oi Ñ χipOiq is a local subduction, where χipOiq is endowed
with the subspace diffeology,
iii) the map \χi : \Oi Ñ X is surjective.
We argue as follows. Assuming the first condition, the second is clear. For the other implication,
let χ : O Ñ X be any plot in PpXq, r P O, and x P Oi (for some i P I) such that χprq “ χipxq.
Since χipOiq is an open subset of X, there is a neighborhood V Ă O of r such that χ|V takes values
in χipOiq. The fact that χi : Oi Ñ χipOiq is a local subduction finishes the argument.
Notice that conditions ii) and iii) above do not imply condition i): take the diffeology on X “ R
generated by the plots χ1 “ x
2 : RÑ R and χ2 “ ´x
2 : RÑ R. Each χi is a local subduction, but
χ1pRq “ Rě0 is not open in the D-topology, because its preimage under χ2 is the singleton t0u.
The relation between Def. 4.24 and Def. 4.26 is manifest, because local subductions are always
open maps:
Lemma 4.28. Let pX,PpXqq a diffeological space. If the diffeology is generated by local subductions,
then it is generated by open maps.
The following proposition states that the quotient map from the path-holonomy atlas to the holon-
omy groupoid plays the role of a surjective submersion in the diffeological category.
Proposition 4.29. Let B be a singular subalgebroid of a Lie algebroid AG. The quotient map
6 :
ž
UPUG
U Ñ HGpBq is a local subduction.
Proof. The map 6 is surjective, and it is is smooth because the path-holonomy diffeology is exactly
the quotient diffeology induced by 6. Fix a point u in a bisubmersion U P UG, denote h :“ 6puq
the element of the holonomy groupoid it represents. Take any plot χ : Oχ Ñ H
GpBq and any point
r P Oχ with χprq “ h. There is a connected open neighborhood V of r and a plot χ
1 : V Ñ
ž
UPUG
U
so that χ|V “ 6 ˝χ
1, by definition of quotient diffeology (see Def.-Prop. 4.4). The image u1 :“ χ1prq
lies in some bisubmersion U 1. The point u1 might differ from the point u we fixed, but we know
that 6pu1q “ h “ 6puq. By the definition of holonomy groupoid, this means that there is a morphism
of bisubmersions φ : U 1 Ñ U mapping u1 to u, shrinking U 1 if necessary. As for every morphism of
bisubmersions, we have 6 ˝ φ “ 6. Thus the composition φ ˝ χ1 : V Ñ U (which is well-defined after
shrinking V if necessary) is a plot mapping r to u and lifting the plot χ|V .
U 1
φ //
6

U
6||①①①
①①
①①
①
V
χ|V
//
χ1
<<①①①①①①①①①①
HGpBq
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5 Global differentiation
We show that a diffeological groupoid together with a morphism to the Lie groupoid G – both
satisfying certain properties – gives rise to a singular subalgebroid (Thm. 5.2). We formalize this
in the definition of differentiation (Def. 5.3). We provide examples, showing in particular that the
holonomy groupoid of a singular subalgebroid B differentiates to B (Thm. 5.11). Finally we address
the functoriality of differentiation.
5.1 Differentiation of global bisections to singular subalgebroids
In this subsection, in view of the holonomy groupoid, we fix the following data:
• a diffeological groupoid H ÝÑÝ M , which is holonomy-like (see Def. 4.19),
• a Lie groupoid G and a smooth morphism of diffeological groupoids Ψ : H Ñ G covering IdM .
We use the apparatus developed in §4.2 and §4.3 to specify a differentiation process for families of
global bisections which gives rise to a singular subalgebroid of AG (Thm. 5.2 and Def. 5.3 below).
To this end, first note that if tbλuλPI is a smooth family (resp. 1-parameter group) of global
bisections of H then tΨ ˝ bλuλPI is a smooth family (resp. 1-parameter group) of global bisections
of G. Now let us consider the following set of velocity vectors (at time 0):
S :“
"
d
dλ
|λ“0pΨ ˝ bλq : tbλuλPI family of global bisections for H s.t. b0 “ IdM
*
X ΓcpAGq.
We will argue that S “contains many elements” in Prop. 5.9 below, by constructing elements out of
1-parameter families of local bisections.
Let us make the following assumption, involving 1-parameter groups. In §5.3 we show that the
holonomy groupoid satisfies it.
Assumption 5.1. For every x PM there is a neighborhood V with this property:
tα P S : Supppαq Ă V u Ă"
d
dλ
|λ“0pΨ ˝ bλq : tbλuλPI 1-parameter group of global bisections for H
*
.
The main statement of this section is:
Theorem 5.2. Let H ÝÑÝ M and Ψ : H Ñ G be as above (in particular H is holonomy-like),
satisfying Assumption 5.1. Then the set S Ď ΓcpAGq is a singular subalgebroid of AG.
Now the next definition seems in order, in view of theorem 5.2:
Definition 5.3 (Differentiation). Let H ÝÑÝ M a diffeological groupoid, GÝÑÝ M a Lie
groupoid and Ψ : H Ñ G a smooth morphism of diffeological groupoids covering IdM . If
• H is holonomy-like (Def. 4.19), and
• this data satisfies Assumption 5.1,
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then we say that pH,Ψq differentiates to the singular subalgebroid S of ΓcpAGq (introduced
at the beginning of §5.1).
Remarks 5.4. a) In the differentiation process of a diffeological groupoid, the property of be-
ing holonomy-like (cf. definition 4.19) is used only to prove that the module S is locally
finitely generated, in Lemma 5.6. However, there do exist interesting examples of involutive
C8-submodules of vector fields which are not finitely generated. For instance, consider the
partition to R to p0,`8q, t0u and txu for every x ă 0 and take the C8c pRq-module generated
by all vector fields which are tangent to these submanifolds. This is an involutive C8pRq-
submodule of XpRq, but it is not locally finitely generated. We do not know if diffeological
groupoids can be used to treat the differentiation/integration process of non locally finitely
generated modules of vector fields. Of course, Lemma 5.6 already excludes the holonomy-like
groupoids as such.
b) Assumption 5.1 is used only to prove that S is involutive, in Lemma 5.7. The interested reader
may check that a variation of the proof of lemma 5.7 gives the following result. Instead of
making Assumption 5.1, suppose that S – which by the above is a locally finitely generated
submodule – is stable under time derivatives in this sense: for all smooth 1-parameter families
tαλu Ă ΓcpAq such that αλ P S for all λ and α0 “ 0, the time derivative
d
dλ
|λ“0αλ lies in S.
Then S is involutive.
5.1.1 The proof of theorem 5.2
The proof of theorem 5.2 is provided by the following three lemmas.
Lemma 5.5. The set S Ď ΓcpAGq is a C
8pMq-module.
Proof. Given f P C8pMq and an element
d
dλ
|λ“0pΨ ˝ bλq of S, we show that their product lies in
S. Since elements of S are compactly supported, we may assume that f is compactly supported.
Consider the family of global bisections defined by bfλpxq “ bfpxqλ. (Since f is a bounded function,
λ is defined in an open subinterval of I containing zero, and passing to a smaller subinterval if
necessary we ensure that bfλ is a bisection.) The chain rule implies
d
dλ
|λ“0pΨ ˝ b
f
λq “ f
d
dλ
|λ“0pΨ ˝ bλq. (5.1)
Now fix two elements
d
dλ
|λ“0pΨ ˝ bλq and
d
dλ
|λ“0pΨ ˝ cλq of S, where bλ and cλ are 1-parameter
families with b0 “ c0 “ IdM . We show that their sum lies in S, and more concretely that it comes
from the 1-parameter family bλ ˚ cλ of global bisections of H. Indeed, using the product of global
bisections introduced in §4.3, we have
d
dλ
|λ“0pΨ ˝ pbλ ˚ cλqq “
d
dλ
|λ“0ppΨ ˝ bλq ˚ pΨ ˝ cλqq “
d
dλ
|λ“0ppΨ ˝ bλq `
d
dλ
|λ“0pΨ ˝ cλq,
where in the first equality we used that Ψ is a groupoid morphism and in the second that b0 “ c0
is the identity bisection.
The assumption that the H is holonomy-like is used to prove that S is locally finitely generated
(see also Rem. 5.4).
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Lemma 5.6. The module S Ď ΓcpAGq is locally finitely generated.
Proof. For every x P 1M , by Lemma 4.18 we know that there is a neighbourhood V of x in M , a
plot χ in the above generating set, and a submanifold e of Oχ, such that
• χ|e : eÑ 1pV q Ă 1M is a diffeomorphism,
• sH ˝ χ and tH ˝ χ are a submersion at points of e.
Further, e is realized as the image of a smooth map 1˜ : V Ñ Oχ.
e Ă Oχ
χ // H
V
1˜
cc●●●●●●●●●
1|V
OO (5.2)
This implies that
V ert|e :“ KerpsH ˝ χq˚|e
is a vector bundle over e.
Claim:
S|V “ pΨ ˝ χq˚ΓpV ert|eq.
Since ΓpV ert|eq is finitely generated as a C
8peq-module, the claim implies that the same holds for
S|V , as we wanted to show. Thus we are left with proving the claim.
Proof of claim:
“ Ă ” Every element of S|V is of the form
d
dλ
|0pΨ ˝ bλq where tbλuλPI is a 1-parameter family of
bisections of H defined on V , with b0 “ 1|V . By Def. 4.14, b : I ˆ V Ñ H is smooth.
Fix y P V . There is an open neighborhood Vy in V such that the map b : I ˆ V Ñ
˝
H is
well-defined, where
˝
H is as in Def. 4.19, shrinking I to a smaller open interval about zero
if necessary. Shrinking Vy if necessary, b|IˆVy is a plot in Pp
˝
Hq, by Rem. 4.5 and by Prop.
4.2, and there exists a generating plot χ1 : Oχ1 Ñ
˝
H (as in Def. 4.19) and a smooth map
h1 : I ˆ Vy Ñ Oχ1 such that b|IˆVy “ χ
1 ˝ h1. For the sake of readability, let us temporarily
assume that Vy “ V .
Oχ1
χ1 // H
I ˆ V
h1
cc●●●●●●●●
b
OO (5.3)
We just “lifted” b to Oχ1 , and now we argue that b can be lifted to the fixed generating plot
Oχ introduced at the beginning of the proof, in such a way that t0u ˆ V is mapped to the
submanifold e fixed there. Notice that χ1 maps the submanifold h10pV q diffeomorphically onto
b0pV q “ 1pV q, so sinceH is holonomy-like (Def. 4.19) there exists a smooth map k : Oχ1 Ñ Oχ
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such that χ ˝ k “ χ1 mapping h10pV q to e, shrinking Oχ1 to a smaller neighborhood of h
1
0pyq if
necessary. Therefore
h :“ k ˝ h1 : I ˆ V Ñ Oχ
satisfies χ ˝ h “ χ ˝ k ˝ h1 “ χ1 ˝ h1 “ b (i.e., the diagram below commutes) and h0pV q “
kph10pV qq “ e.
Oχ
χ // H
I ˆ V
h
cc❋❋❋❋❋❋❋❋
b
OO (5.4)
Even more, h0 coincides with 1˜ : V Ñ e, by the commutativity of diagrams (5.2) and (5.4)
together with the facts that 1|V and χ|e are diffeomorphisms onto their images.
For every λ P I, hλ is a section of sH ˝ χ, since bλ “ χ ˝ hλ is a section of sH . Consider
Ψ ˝ bλ “ pΨ ˝ χq ˝ hλ. Taking derivatives (notice that Ψ ˝ χ : Oχ Ñ G is smooth) we obtain
d
dλ
|0pΨ ˝ bλq “ pΨ ˝ χq˚
d
dλ
|λ“0phλq. (5.5)
Notice that
d
dλ
|λ“0phλq is a section of V ert|e, proving the desired inclusion under the assump-
tion Vy “ V .
For the general case, we argue as follows. There are open subsets V i covering V and maps
hi : I ˆ V i Ñ Oχ so that ph
iq0 : V
i Ñ Oχ equals 1˜|V i . Our reasoning above shows that eq.
(5.5) holds on V i, replacing h by hi. Let tϕiu be a partition of unity subordinate to the open
cover t1˜pV iqu of e. Then eq. (5.5) holds, on the whole of V , replacing the section
d
dλ
|λ“0phλq
of V ert|e with the section
ÿ
i
p1˜˚ϕiq
d
dλ
|λ“0phiλq.
“ Ą Any element of V ert|e can be written as
d
dλ
|λ“0phλq for a smooth family of sections hλ : V Ñ Oχ
of sH ˝ χ through e. (This uses the fact that since sH ˝ χ is a submersion at points of e, it is
a submersion also in a tubular neighbourhood of it.) Further χ ˝ hλ is a family of bisections
of H which is smooth by construction and goes through 1V . Hence
d
dλ
|λ“0pΨ ˝ χ ˝ hλq is an
element of S|V . △
Assumption 5.1 is used to prove that S is involutive. We will make use of the following fact about 1-
parameter groups of global bisections of Lie groupoids. Let tσλ : M Ñ GuλPI be such a 1-parameter
group. For any fixed λ P I, denote by
Lσλ : GÑ G, g ÞÑ σλptGpgqq ¨ g
the left translation by σλ. Then Lσλ`ν “ Lσλ˚σν “ Lσλ ˝ Lσν , therefore tLσλuλPI is the flow of
a vector field on G. By differentiation it is easily seen that this vector field is the right-invariant
vector field
ÝÝÝÝÑ
d
dλ
|0σλ.
Lemma 5.7. The module S Ď ΓcpAGq is involutive.
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Proof. Let α1,α2 P S. Let tViu be a cover of M by open subsets on which the inclusion in
Assumption 5.1 holds; we may assume that finitely many of these open sets cover Supppα1q X
Supppα2q. Let tϕiu a partition of unity subordinate to tViu. Then rα1,α2s “
ÿ
i,j
rϕiα1, ϕjα2s.
Thanks to Lemma 5.5, we only need to show that each summand lies in S.
Fix indices i, j. Thanks to Assumption 5.1 we can write ϕiα1 “
d
dλ
|0pΨ˝bλq and ϕjα2 “
d
dλ
|0pΨ˝
b
1
λq, where tbλuλPI , tb
1
λuλPI are 1-parameter groups of global bisections of H. Their Lie bracket is
the restriction to M of the Lie bracket of the associated right-invariant vector fields on G«ÝÝÝÝÝÝÝÝÝÑ
d
dλ
|0pΨ ˝ bλq ,
ÝÝÝÝÝÝÝÝÝÑ
d
dλ
|0pΨ ˝ b
1
λq
ff
, (5.6)
whose flows are given by the left translations tLΨ˝bλuλPI and tLΨ˝b1λuλPI respectively. Using the
characterization of the Lie bracket of two vector fields on any manifold in terms of their flows, we
find that the value of (5.6) at some g P G is
d
dλ
|0
´
LΨ˝b1´?λ ˝ LΨ˝b´
?
λ
˝ LΨ˝b1?
λ
˝ LΨ˝b?
λ
¯
pgq “
d
dλ
|0
´
LΨ˝pb1´?λ ˚ b´?λ ˚ b
1?
λ
˚ b?
λ
q
¯
pgq.
Evaluating at all points of M this yields an element of S, because b1´?λ ˚ b´
?
λ ˚ b
1?
λ
˚ b?λ
is a 1-parameter family of global bisections of H. Above we use the fact that Ψ, being a groupoid
morphism covering IdM , respects the multiplication ˚ of 1-parameter groups of global bisections
Thus rϕiα1, ϕjα2s P S, concluding the proof.
Theorem 5.2 is thus proven, thanks to Lemmas 5.5, 5.6, 5.7.
5.1.2 About the module S
We end this subsection arguing that S “contains many elements”. First notice that any C8pMq-
module of compactly supported sections is generated by its elements supported on arbitrarily small
open subsets, as one can prove using a partition of unity argument:
Lemma 5.8. Let M Ď ΓcpAGq be a C
8pMq-module and tViu be open cover of M . Then M is
generated by its element such that for some i their support is contained in Vi.
The following proposition provides elements of S supported on arbitrarily small open subsets. It
shows that if a compactly supported section α of AG arises from a family of not necessarily compactly
supported bisections of H, then α lies in S.
Proposition 5.9. Let V ĂM be an open subset, let α “
d
dλ
|λ“0pΨ˝bλq P ΓcpAG|V q where tbλuλPI
is family of bisections of H defined on V s.t. b0 “ IdV . Then one can choose the bλ’s so that their
support is contained in a compact subset K of V , shrinking I if necessary. Therefore α, extended
trivially to the rest of M , lies in S.
Proof. Take f P C8c pV q which is identically equal to 1 on supppαq. Then
α “ fα “
d
dλ
|λ“0pΨ ˝ b
f
λq
43
by eq. (5.1). Notice that the bisections bfλ “ bfλ have support contained in K :“ supppfq (meaning
that they are the identity bisection outside of there). Extending these bisections of H to global
bisections, the last statement of the proposition follows.
5.2 Differentation and Lie groupoids
A first class of examples for differentiation (Def. 5.3) is provided by Lie groupoids:
Proposition 5.10. Let H be a source-connected Lie groupoid and Ψ: H Ñ G a Lie groupoid
morphism covering IdM . Define B :“ Ψ˚pΓcpAHqq. Then H differentiates to B.
Proof. Being a Lie groupoid, the diffeology of H is generated by inverses of charts (see Ex. 4.6 a)),
hence H is holonomy-like (see Def. 4.19). Since H is a Lie groupoid, we have
ΓpAHq “
"
d
dλ
|λ“0bλ : tbλuλPI 1-parameter group of global bisections of H
*
“
"
d
dλ
|λ“0bλ : tbλuλPI 1-parameter family of global bisections of H with b0 “ IdM
*
.
Hence S equal Ψ˚pΓcpAHqq “ B. Further, the first equality implies that Assumption 5.1 is satisfied.
5.3 Differentiation of the holonomy groupoid
A further class of examples for differentiation is given by holonomy groupoids. Let B be a singular
subalgebroid of a Lie algebroid A with source-connected integration G.
Theorem 5.11. The holonomy groupoid HGpBq differentiates to B (in the sense of definition 5.3).
Proof. Since the holonomy-like property holds by Prop. 4.20, we only have to show that Φ :
HGpBq Ñ G satisfies S “ B and Assumption 5.1. We will use the fact that, since both S and B
are C8pMq-submodules of ΓcpAGq, they are generated by their sections which are supported on
arbitrarily small open subsets (see Lemma 5.8). The inclusion B Ă S follows from Proposition 4.17.
Now we prove S Ă B. To this end, let x P M , and let V be a sufficiently small neighborhood V of
x. We start recalling a few facts:
• By Given any smooth bisection b of HGpBq defined on V and close enough (in the C0-sense)
to the identity bisection, there is a minimal path-holonomy bisubmersion pU,ϕ,Gq and a
bisection u of U such that qU ˝ u “ b, by Rem. 4.13 a). Notice that ϕ ˝ u “ Φ ˝ b.
• Denote by α1, . . . ,αn P B the local generators of B (inducing a basis of B{IxB) used to
construct the path-holonomy bisubmersion U Ă Rn ˆM . For any bisection u “ pId, fq of U
(where f : M Ñ Rn), we have pϕ ˝ uqpyq “ expp0,yqp
ÿ
fipyq
Ñ
αiq, see Def-Prop. 1.11.
Now let tbλu be a smooth 1-parameter family of bisections of H
GpBq defined on V , such that
b0 “ IdM . Denote by uλ a family of bisections of U such that qU ˝ uλ “ bλ. One can always
arrange10 that u0 is the zero section of U .
10Indeed, since qU ˝u0 “ b0 is the identity bisection of H
GpBq, composing with Φ we see that ϕ ˝u0 is the identity
section of G. Hence there is a (locally defined) morphism of bisubmersions k : U Ñ U mapping u0pV q to p0, V q, by
Prop. 1.15 and its proof. Since qU ˝ k “ qU , it follows that k ˝ u is also a family of bisections of U lifting b, with the
additional property that at time zero it is the zero section of U .
44
Write uλ “ pId, fλq. Then for all y P V we have
d
dλ
|λ“0pϕ ˝ uλqpyq “ dp0,yqϕp
d
dλ
|λ“0uλpyqq “
ÿ
i
gipyq
Ñ
αi|y, for gpyq “
d
dλ
|λ“0pfλqpyq,
where in the last equation we used that dp0,yqϕ maps the i-th canonical basis vector of TyRn Ă TyU
to
Ñ
αi|y. Hence
d
dλ
|λ“0pΦ ˝ bλq “
d
dλ
|λ“0pϕ ˝ uλq “
ÿ
i
giαi
lies in B|V , since αi P B|V for all i. Any element of S with support contained in V is of the form
d
dλ
|λ“0pΨ ˝ bλq, for a 1-parameter family of global bisections bλ. We thus showed that S Ă B.
Having showed that S “ B, we apply again Proposition 4.17 to conclude that Assumption 5.1 is
satisfied.
5.4 The functoriality of differentiation
In this subsection we cast differentiation as a functor. We fix a manifold M and consider two
categories. They both differ slightly from those introduced in [27, §4].
The category SingSubM has:
• objects:
tpA,Bq| A a Lie algebroid over M,B a singular subalgebroid of Au
• arrows from pA1,B1q to pA2,B2q:
tψ : A1 Ñ A2 a morphism of Lie algebroids covering IdM , such that ψpB1q Ă B2u
The category DiffeoGrdM has:
• objects:
tΦ: H Ñ G a morphism of diffeological groupoids covering IdM ,
where H is diffeological groupoid which is holonomy-like,
G is a source-connected Lie groupoid,
satisfying Assumption 5.1.u
• arrows from pΦ1 : H1 Ñ G1q to pΦ2 : H2 Ñ G2q:
tpΞ, F q| Ξ: H1 Ñ H2 a morphism of diffeological groupoids over IdM ,
F : G1 Ñ G2 a morphism of Lie groupoids over IdM ,
s.t. the diagram below commutesu
H1
Φ1

Ξ // H2
Φ2

G1
F // G2
(5.7)
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Definition 5.12. We define the differentiation functor
D : DiffeoGrdM Ñ SingSubM
pΦ: H Ñ Gq ÞÑ pA,Bq :“ pAG,Sq
pΞ, F q ÞÑ F˚ : AG1 Ñ AG2
where S was defined in §5.1 and pΞ, F q is an arrow from pΦ1 : H1 Ñ G1q to pΦ2 : H2 Ñ G2q.
The functor D is well-defined on objects it is because of §5.1. We now check that D is well-defined on
morphisms, i.e. that F˚B1 Ă B2. Every element of B1 is of the form
d
dλ
|λ“0pΦ1 ˝bλq where tbλuλPI
is a 1-parameter family of global bisections for HG1pB1q. Using the commutativity of diagram (5.7)
we have
F˚
ˆ
d
dλ
|λ“0pΦ1 ˝ bλq
˙
“
d
dλ
|λ“0pF ˝Φ1 ˝ bλq “
d
dλ
|λ“0pΦ2 ˝ Ξ ˝ bλq
and the latter lies in B2, since Ξ ˝ bλ is a global bisection for H
G2pB2q.
We now present some remarks and examples. At first sight the differentiation functor at the level of
arrows looks strange: it maps pΞ, F q to F˚, hence Ξ seems to “be lost”. The following lemma shows
that – under reasonable assumptions – this is not the case, since Ξ is determined by F .
Lemma 5.13. Let Φi : Hi Ñ Gi be an object in DiffeoGrdM , for i “ 1, 2. Assume that through
every point of H1 there passes a bisection
11. Assume that Φ2 is almost injective (see Def. 6.1 later
on). Let pΞ, F q be an arrow in DiffeoGrdM from Φ1 to Φ2, as in diagram 5.7. Then Ξ is determined
uniquely by F .
Proof. Assume that pΞ, F q and prΞ, F q are both morphisms in DiffeoGrdM from Φ1 to Φ2. We have
to show that Ξ “ rΞ.
Take H˘2 to be a symmetric neighborhood of the identity in H2 such that H˘2 ¨ H˘2 Ă
˝
H2, where the
latter is the neighborhood of the identity in H2 satisfying the almost injective condition in Def. 6.1.
Then
˝
H1 :“ Ξ
´1pH˘2q X rΞ´1pH˘2q is a neighborhood of the identity in H1.
Let b be a bisection in
˝
H1. Then
pΦ2 ˝ Ξqb “ pF ˝ Φ1qb “ pΦ2 ˝ rΞqb
due to the commutativity of diagram 5.7. This means that Ξ b ˚ prΞ bq´1 is a bisection in ˝H2 that
maps under Φ2 to the identity bisection of G2. The assumption on H2 implies that Ξ b “ rΞ b.
Hence Ξ and rΞ agree on ˝H1. Finally, by the source-connectedness of H1, they agree on the whole
of H1.
In this remark we apply the functor D to a class of examples.
Remark 5.14. As we saw in Thm. 5.11, given an object pA,Bq in SingSubM such that A is an
integrable Lie algebroid, the holonomy groupoid HGpBq (for any choice of Lie groupoid G of A)
differentiates to pA,Bq. We now extend this statement to arrows.
11This holds in particular if H1 satisfies the assumptions of Lemma 4.22 or Prop. 4.23.
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Consider objects pA1,B1q and pA2,B2q in SingSubM together with an arrow between them, i.e. a Lie
algebroid morphism ψ : A1 Ñ A2 such that ψ˚pB1q Ă B2. Make a choice of Lie groupoid morphism
F : G1 Ñ G2 integrating ψ. (These data comprise exactly the arrows of the category SingSub
Gpd
M we
defined in [27, §4]). We saw in [27, Thm. 4.6] that these data give rise canonically to an arrow pΞ, F q
in DiffeoGrdM , where Ξ: H
G1pB1q Ñ H
G2pB2q. The arrow pΞ, F q differentiates to the original arrow
ψ : A1 Ñ A2, by the definition of the functor D.
Loosely speaking, given a singular subalgebroid B of AG, the canonical morphism Φ: HGpBq Ñ G
differentiates to the inclusion of B in ΓcpAq. We make this precise as follows.
Example 5.15. Let B be a singular subalgebroid of A, and G a Lie groupoid integrating A.
Consider the arrow pΦ, IdGq in DiffeoGrdM from Φ: H
GpBq Ñ G to IdG. It clearly differentiates to
IdA : AÑ A, which at the level of sections restricts to the inclusion B Ñ ΓcpAq.
Notice that the arrow IdA in SingSubM from pA,Bq to pA,ΓcpAqq, by the procedure recalled in
Remark 5.14 , gives rise [27, Ex. 4.12] exactly to the arrow pΦ, IdGq in DiffeoGrdM considered in
Ex. 5.15.
6 Global Integration of a singular subalgebroid
In this section we introduce a global notion of integration for a singular subalgebroid B (Def. 6.1),
which we call integral, and prove that the holonomy groupoid HGpBq is an integral (Thm. 6.19).
We also show that B admits a smooth integral iff it is projective (Cor. 6.15). In that case HGpBq
is the minimal smooth integral, and all other smooth integrals are coverings of HGpBq (Prop. 6.16
and 6.17). When B is a Lie subalgebra of a Lie algebra, all integrals are smooth (Prop. 6.6).
6.1 Definition of integral
Definition 6.1 below is inspired by [1, Appendix A]. It relies on the notion of differentiation intro-
duced in Def. 5.3.
Definition 6.1 (Integrals). Let G be a Lie groupoid over M , H be a diffeological groupoid
over M , and Ψ: H Ñ G a smooth morphism of diffeological groupoids covering IdM .
Let B be a singular subalgebroid of A :“ AG. We say that pH,Ψq is an integral of B over G
if:
a) pH,Ψq differentiates to B (Def. 5.3).
(In particular H is holonomy-like, see Def. 4.19, and Assumption 5.1 is satisfied.)
b) The diffeology of H is generated by open maps (Def. 4.24).
c) The morphism Ψ is almost injective, in the following sense: There exists a neighborhood
˝
H of the identity 1M in H such that if b Ă
˝
H is a (local) bisection carrying the identity
bisection of G, then b Ă 1M .
Several remarks are in order.
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Remark 6.2 (The three conditions). We comment on the three conditions appearing in Def. 6.1.
a) Condition a) is certainly expected.
b) Condition b) implies that H is source-submersive – i.e. through every point there passes a
bisection –, thanks to Prop. 4.23 i). This makes condition c) a meaningful one.
c) The almost injective requirement on Ψ is imposed to ensure that H is “not larger than neces-
sary”. For example, when M is a point, so that H and G are groups, Ψ must be an injection
in a neighborhood of the identity element of H.
Remark 6.3 (Conditions on H). In Def. 6.1 on integrals, there are two requirements on the
diffeological groupoid H: that it be holonomy-like (Def. 4.19), and the openness condition b). Each
of these two requirements consist of the existence of a generating set of plots with certain properties,
in some neighborhood
˝
H of 1M in H (see Remark 4.25).
i) If the generating set of plots tχi : Oχi Ñ
˝
Hu required by the holonomy-like property consists
of open maps, then both requirements are satisfied. A special case is when the diffeology of
H is generated by local subductions (Def. 4.26), according to Lemma 4.28. Spelled out, this
means that for each i the image χipOχiq is an open subset of H and χi : Oχi Ñ χipOχiq is a
local subduction, by Remark 4.27. This is exactly what occurs for the examples of integrals
we display in §6.3 and §6.4, namely smooth integrals and the holonomy groupoid.
ii) The above two requirements together, by Lemma 4.9, imply that the generating set tχi :
Oχi Ñ
˝
Hu for the holonomy-like property can be chosen so that the image of each map χi is
an open subset (but not necessarily that the χi are open maps). This observation supports
the scenario outlined in item i).
Remark 6.4 (Restatement of Assumption 5.1). In Def. 6.1, the differentiation condition a) contains
in particular Assumption 5.1. For integrals, one can give an equivalent characterization of this
assumption in terms of the liftability of 1-parameter groups of global bisections of G, see Corollary
C.2. This equivalent characterization will be used only in the proof of Prop. 7.7, which states that
the image ΨpHq is the same for all integrals pH,Ψq.
Remark 6.5 (Functoriality). The differentiation functor introduced in §5.4 is well-behaved when
restricted to integrals. Indeed Lemma 5.13 applies automatically to integrals, thanks to conditions
b) and c) above.
6.2 The integrals of Lie subalgebras
Here we consider the special case of a Lie subalgebra of a (finite dimensional real) Lie algebra. We
show that all integrals are actually Lie groups.
Proposition 6.6. Let g a Lie algebra, k a Lie subalgebra, fix a Lie group G integrating g. Let
pH,Ψq be an integral of k.
Then there exists a Lie group structure whose underlying diffeological group is H.
Remark 6.7. The above Lie group structure, which we denote by HLie, is unique by Ex. 4.6 a).
Further HLie integrates the Lie algebra k, and Ψ – viewed as a map on HLie – integrates the inclusion
k ãÑ g, see the proof of Prop. 6.6 below. Thus HLie is a covering of the (unique) connected Lie
subgroup of G integrating the Lie subalgebra k.
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Remark 6.8. We recall what it means that pH,Ψq is an integral of k (Def. 6.1):
• H is a diffeological group which is holonomy-like12 (we will not use the latter condition).
• Ψ: H Ñ G is a smooth morphism of diffeological groups such that
k “
"
d
dλ
|λ“0pΨ ˝ bλq : tbλuλPI 1-parameter group of elements of H
*
“
"
d
dλ
|λ“0pΨ ˝ bλq : tbλuλPI 1-parameter family of elements of H
*
and Ψ is injective on a neighborhood of the unit in H.
• The diffeology of H is generated by open maps (we will not use this condition).
Proof. First observe that if tbλu is a 1-parameter group in H, then tΨ ˝bλu is a 1-parameter group
in the Lie group G, hence
Ψ ˝ bλ “ exppλvq (6.1)
where v :“
d
dλ
|λ“0pΨ ˝ bλq and exp is the Lie group exponential map.
Denote by K the unique connected Lie subgroup of G integrating the Lie subalgebra k.
Claim: ΨpHq “ K.
Proof of claim:
“ Ą ” There is a neighborhood of the unit in K consisting of elements of the form exppvq where
v P k. By assumption, there is a 1-parameter group tbλu in H such that v “
d
dλ
|λ“0pΨ ˝ bλq.
By the above observation, taking λ “ 1, we get Ψ ˝ b1 “ exppvq. Conclude using that K,
being connected, is generated by any neighborhood of the unit.
“ Ă ” For any diffeological space, the set of points that can be connected to a given point by a smooth
path is open in the D-topology. (This can be proved exactly as [17, Lemma 1.8], which states
that the D-topology is locally arc-connected. Notice that while the composition of two smooth
paths is not smooth in general, it is if we first apply a suitable time reparametrization.) In
particular13, the set of points in H that can be connected to the unit e by a smooth path is
an open subset H˘ of H.
Let h P H˘ and tbλuλPr0,1s be a smooth path in H from the identity element e to h (in
other words, a 1-parameter family). For every fixed λ0 P r0, 1s consider the smooth path
tbµ`λ0 ¨b
´1
λ0
uµPIµ where Iµ is an open interval containing zero. Since H differentiates to k, we
have
d
dµ
|µ“0
´
Ψpbµ`λ0 ¨ b
´1
λ0
q
¯
P k.
12By Def. 4.19 this means that there exists an open neighborhood
˝
H of the unit 1 in H and a generating set of
plots X “ tχ : Oχ Ñ
˝
Hu in Pp
˝
Hq such that: given any plots χ, χ1 in X and points e P Oχ, e
1 P Oχ1 such that
χpeq “ χ1pe1q “ 1, there exists a smooth map k : Oχ1 Ñ Oχ with kpe
1q “ e and χ ˝ k “ χ1, after shrinking Oχ1 to a
smaller neighborhood of e1 if necessary.
13Alternatively, this also follows from Condition b) in Def. 6.1.
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Since Ψ is a groupoid morphism, the left hand side equals
d
dµ
|µ“0RΨpb´1
λ0
qpΨpbµ`λ0qq “ pRΨpb´1
λ0
qq˚
d
dλ
|λ“λ0pΨpbλqq
where R denotes right-translation on G. Hence
d
dλ
|λ“λ0pΨpbλqq lies in the right-invariant
distribution
Ñ
k . Repeating for all λ0 P r0, 1s we see that the curve r0, 1s Q λ ÞÑ Ψpbλq lies in
the leaf of
Ñ
k through e, which is exactly the Lie subgroup K. We conclude that Ψphq P K.
The morphism of topological groups Ψ: H Ñ G is injective in a neighborhood of the unit, and
by the claim its image is the Lie group K. Hence K, via Ψ, induces a Lie group structure on H,
which we denote by HLie, and whose Lie algebra is isomorphic to k. We are left with showing that
the diffeological structure underlying the manifold structure of HLie coincides with the diffeological
structure of H.
Claim: The identity map is an isomorphism of diffeological groups between H and HLie.
Proof of claim: Since Ψ: H Ñ G is smooth, the induced surjective map to the Lie group K is a
smooth map: for any plot χ into H, the composition Ψ ˝ χ is a smooth plot into K, since K is an
initial submanifold of G [18, Thm. 19.25]. This implies that the identity H Ñ HLie is a smooth.
We now show that the identity HLie Ñ H is a smooth. Thanks to Lemma 6.10 below, it suffices to
show that all plots for the strong diffeology of HLie are also plots for the diffeology on H. That is,
we have to show that all rays in HLie – which as is well-known are of the form λ ÞÑ expHLiepλvq for
elements v in the Lie algebra h – are plots for H. To show this, fix v P h, and consider Ψ˚v P k. By
assumption, there is a (smooth) 1-parameter group tbλuλPI in H such that Ψ˚v “
d
dλ
|λ“0pΨ ˝ bλq,
and by the above observation Ψ ˝ bλ “ expKpλΨ˚vq. By the injectivity of Ψ near the unit, this
implies that bλ “ expHLiepλvq for values of λ close enough to zero, showing that λ ÞÑ expHLiepλvq
is smooth for the diffeology of H. △
Remark 6.9. In the setting of Prop. 6.6, recall that K is the holonomy groupoid HGpkq of k, by Ex.
1.22. The integral H quotients to HGpkq (see the proof of Prop. 6.6). This fact will be generalized
in Prop. 6.17.
We recall a few notions from [24, §6]. Given a diffeological group H, a ray is a smooth group
homomorphism R Ñ H. The strong diffeology on H is the smallest diffeology on H containing
all rays and so that the group multiplication and inversion are smooth. All plots for the strong
diffeology are plots for the original diffeology on H.
For Lie groups the converse holds. This is the content of the following result, which was used in the
proof of Prop. 6.6 above and was stated without proof by Souriau [24, §6.13]. We sketch a proof
for the sake of completeness.
Lemma 6.10. Let H be a Lie group. Then the strong diffeology of H coincides with the Lie group
diffeology.
Proof. It is well-known that the Lie group exponential map exp: hÑ H, once restricted to a suitable
open neighborhood of the origin, provides a chart for the manifold structure on the Lie group H.
50
In view of the text just before this lemma, it suffices to show that exp is smooth with respect to
the strong diffeology.
To this aim, let n :“ dimpHq, and fix a basis v1, . . . , vn of the Lie algebra h. For a small enough
neighborhood U Ă Rn of the origin, the map
S : U Ñ H, pλ1, . . . , λnq ÞÑ exppλ1v1q ¨ exppλ2v2q ¨ . . . ¨ exppλnvnq
is a smooth map to the Lie group H (actually, a diffeomorphism onto its image), and it is also
smooth for the strong diffeology, since it is obtained multiplying rays. Consider the map
B : U Ñ h, pλ1, . . . , λnq ÞÑ BCH
´
λ1v1, BCH
`
. . . , BCHpλn´1vn´1, λnvnq
˘¯
,
where “BCH” denotes the Baker-Campbell-Hausdorff formula. The relation between these two maps
is S “ exp ˝B. Thus B “ exp´1 ˝S : U Ñ h is a diffeomorphism onto its image. Restricting to this
image we have
exp “ S ˝B´1,
which is a plot for the strong diffeology as the composition the smooth map B´1 between open
subsets of vector spaces and the plot S for the strong diffeology.
6.3 Smooth integrals
In this subsection we determine which singular subalgebroids admit integrals (in the sense of defini-
tion 6.1) which are smooth. For any such singular subalgebroid, we exhibit all the smooth integrals.
Let H ÝÑÝ M be a diffeological groupoid, in the sense of Def. 4.10. If there exists a manifold
structure on H making the above diffeological groupoid a Lie groupoid, this manifold structure is
unique, by Ex. 4.6 a).
Definition 6.11. An integral pH,Ψq of a singular subalgebroid B is said to be a smooth integral
if the diffeological groupoid H admits a (necessarily unique) manifold structure making it a Lie
groupoid.
Remark 6.12. If pH,Ψq is a smooth integral of B, then Ψ is automatically a Lie groupoid morphism,
by Ex. 4.6 a). Further, B “ Ψ˚pΓcpAHqq by Def. 6.1 a).
Lemma 6.13. Assume H is a Lie groupoid and Ψ: H Ñ G a Lie groupoid morphism covering
IdM . Define B :“ Ψ˚pΓcpAHqq.
Then Ψ: H Ñ G is an integral for B iff the Lie algebroid morphism Ψ˚ : AH Ñ AG is almost
injective14.
Proof. “ñ” Let α P ΓcpAHq such that Ψ˚α “ 0. It suffices to show that α “ 0. Define a smooth
family of bisections bλ : M Ñ H by bλpxq “ expxpλ
Ñ
αq. For all x PM ,
Ψ ˝ expxpλ
Ñ
αq “ expxpλΨ˚
Ñ
αq “ x,
where in the first equality we used that Ψ is a Lie groupoid morphism and in the second that
Ψ˚
Ñ
α “
ÝÝÑ
Ψ˚α is the zero vector field on G. This shows that Ψ ˝ bλ is the identity bisection of G, for
14Recall that this means that Ψ˚ fiber-wise injective on a dense subset of M .
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all λ sufficiently close to zero, hence by a) in Def. 6.1 we obtain that bλ is the identity section of
H for all such λ, and therefore that α “ 0.
“ð” Condition c) in Def. 6.1 was checked in Prop. 5.10. Condition b) holds for Lie groupoids, see
Examples 4.6 a). Now we check condition a). Since Ψ˚ is almost injective, for all x lying in a dense
subset of M we have that the restriction of Ψ to the fiber s´1H pxq is injective nearby x. This implies
that Ψ is injective for bisections nearby the identity.
By Lemma 6.13, if Ψ: H Ñ G a smooth integral of a singular subalgebroid B, then B is necessarily
a projective singular subalgebroid (see §3.1), whose underlying Lie algebroid is isomorphic to AH.
Given a projective singular subalgebroid, we present examples of smooth integrals for it.
Example 6.14. Let B be a projective singular subalgebroid of A “ AG, hence there exists a Lie
algebroid B with an almost injective morphism
ψ : B Ñ A
inducing an isomorphism ΓcpBq – B. Let H be a Lie groupoid integrating B with a morphism of
Lie groupoids Ψ: H Ñ G integrating ψ. Then pH,Ψq is a smooth integral of B over G, as follows
immediately from Lemma 6.13. By Prop. 3.3, as H we can always take the holonomy groupoid
HGpBq, which therefore is a smooth integral.
As an immediate corollary of the discussion above, we determine the singular subalgebroids for
which there exists a smooth integral.
Corollary 6.15. Let B be a singular subalgebroid of AG. Then B admits a smooth integral iff B is
projective.
Proof. Let Ψ: H Ñ G be an integral for B, where H is a Lie groupoid. Then Ψ˚pΓcpAHqq “ S “ B,
where the first equality holds by the definition of S (see §5.1) and the second because H is an integral
for B. Hence we can apply Lemma 6.13, which implies that B is projective.
Conversely, when B is projective, smooth integrals of B were constructed in Ex. 6.14.
Given a projective singular subalgebroid, in general we do not know whether all its integrals are
smooth.
When B is projective, the holonomy groupoid HGpBq is minimal among all of its possible smooth
integrals.
Proposition 6.16 (Minimality among smooth integrals). Let B be a singular subalgebroid of AG.
Let pH,Ψq be a smooth integral of B over G. Then there is a surjective morphism of Lie groupoids
H Ñ HGpBq such that this diagram commutes:
HGpBq
Φ

H
;;①
①
①
①
①
Ψ // G
Proof. As a consequence of Lemma 6.13, B “ Ψ˚pΓcpAHqq is projective. Since Ψ : H Ñ G is a
Lie groupoid morphism, it is a bisubmersion for B by Prop. 1.20. Prop. 1.21 then implies the
statement. (The smoothness of the quotient map H Ñ HGpBq follows from Ψ being a bisubmersion
for B).
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The following proposition characterizes the smooth integrals. It is the analogue, for projective
singular subalgebroids, of a theorem of Moerdijk-Mrčun on the integration of wide Lie subalgebroids
[22, Thm. 2.3].
Proposition 6.17 (Characterization of smooth integrals). Let B be a projective singular subalge-
broid of AG. Denote by B the corresponding Lie algebroid, satisfying ΓcpBq – B. The smooth
integrals of B over G are precisely the pairs
pH,Φ ˝ πq,
where π : H Ñ HGpBq is a surjective Lie groupoid morphism integrating IdB (in particular H is a
Lie groupoid integrating B).
Proof. The pairs pH,Φ ˝ πq in the statement are smooth integrals of B over G, as explained in Ex.
6.14. All smooth integrals are of this kind, by Prop. 6.16.
Remark 6.18. When B “ ΓcpBq for a wide Lie subalgebroid B Ă AG, its smooth integrals recover
exactly the Lie groupoid morphisms of [22, Thm. 2.3].
6.4 The holonomy groupoid is an integral
Here we prove that HGpBq satisfies definition 6.1.
Theorem 6.19. The holonomy groupoid pHGpBq,Φq is an integral of B over G
Proof. We already proved in §5.3 that pHGpBq,Φq differentiates to B. We now prove that it satisfies
the injectivity condition c) of definition 6.1. Let b be a bisection of HGpBq carrying the identity
bisection of G. Then locally there exists a bisubmersion pU,ϕ,Gq with a bisection u such that b is
the image of u by the quotient map qU : U Ñ H
GpBq. So u also carries the identity bisection of G,
which means by Rem. 1.18 that qUpuq Ă 1M . Whence b Ă 1M .
Finally, HGpBq satisfies Condition b) of definition 6.1, by Prop. 1.19 and Examples 4.6 d).
Remark 6.20. In view of Theorem 6.19, the question arises of whether the groupoid HGpBq is a
minimal integral in some sense. In proposition 6.16 we gave a partial answer for projective singular
subalgebroids, in the spirit of [22].
7 The graph of a singular subalgebroid
It is well known that, given a regular foliation, one can attach to it the holonomy groupoid as well
as the graph of the foliation, namely the groupoid defined by the equivalence relation of “belonging
to the same leaf”. The graph generally fails to be a smooth manifold, and this is one of the raison
d’être of the holonomy groupoid: the holonomy groupoid is the minimal Lie groupoid15 with Lie
algebroid isomorphic to the tangent distribution of the foliation.
In §7.1, for any singular subalgebroid B, we show that there is a natural diffeology on the graph,
called path holonomy diffeology, making it into a diffeological groupoid. We remark that the
construction of the path holonomy diffeology makes essential use of the holonomy groupoid. We
15Although the holonomy groupoid is not always a Hausdorff manifold.
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show that the graph differentiates to B (Prop. 7.5). In particular, the path holonomy diffeology
captures enough information to recover B. However the graph is not an integral of B in general,
since it generally violates Condition b) in the definition of integral (Prop. 7.6). This raises the
question of whether the holonomy groupoid HGpBq is “minimal” – in a sense to make precise –
among all integrals of B over G. In §7.2 we relate the graph and the path holonomy diffeology
to arbitrary integrals of B. In particular, we show that the image of any integral of B under its
canonical map to G is exactly the graph (Prop. 7.7).
Let us start giving the definitions.
Definition 7.1. Let B be a singular subalgebroid of AG. The graph of B over G is the sub-
groupoid RGpBq of G defined as the image of the groupoid morphism Φ : HGpBq Ñ G.
In the case of a singular foliation pM,Fq, the morphism Φ is the target-source map, so the graph
RpFq :“ RMˆM pFq is the subgroupoid of the pair groupoidMˆM given by the equivalence relation
of “belonging to the same leaf of F”.
We now give an explicit description of the graph of an arbitrary singular subalgebroid B of a Lie
algebroid AG. This description makes clear that the graph does not depend on B but just on its
image under the evaluation map.
Remark 7.2 (Description of the graph). Recall that for every leaf L of (the singular foliation
induced by) B, there is transitive Lie subalgebroid BL Ñ L of AG, obtained evaluating point-
wise the elements of B (see Lemma 1.7). By right-translation we obtain a regular foliation
Ñ
BL on
GL “ t
´1pLq, see also [10, Prop 5.1] for an different description. (When the leaf L is immersed but
not embedded, GL is endowed with the differentiable structure coming from the canonical bijection
GL – Lˆpι,tq G, where ι : LÑ M is the inclusion.) The union of the leaves of
Ñ
BL which intersect
the manifold of unit elements is a subgroupoid of GL, which we denote by R
GpBqL. The graph
agrees with the union
RGpBq :“
ď
L
RGpBqL,
where L ranges through all leaves of B.
To see this, for every leaf L, apply Thm. 2.15: ΦL : H
GpBqL Ñ GL integrates the evaluation map
evL : BL Ñ AL, whose image is BL (see the short exact sequence of Lie algebroids (1.2)).
7.1 The graph as diffeological groupoid
The holonomy groupoid, via the canonical morphism Φ: HGpBq Ñ G, induces a diffology on the
graph, which we call path-holonomy diffeology. The graph RGpBq is thus naturally a diffeological
groupoid, and in Prop. 7.5 we show that it differentiates to B. However it is not an integral of B in
general, since it generally violates Condition b) in the definition of integral (Prop. 7.6).
7.1.1 The subspace diffeology on the graph
The subspace diffeology on the the graph is the one obtained restricting the diffeology of G arising
from its smooth structure. The plots in this diffeology are all the smooth maps f : U Ď Rn Ñ G
such that fpUq Ď ΦpHGpBqq. Due to the following reasons, the subspace diffeology captures little
information and is thus not useful for us:
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• This diffeology does not depend on the map Φ but rather on its image.
• This diffeology is not holonomy-like in general (see Example 7.3 b) below).
• RGpBq, with the subspace diffeology, may not differentiate16 to B. This follows from Examples
7.3 below.
Example 7.3. a) Take M “ R with the foliation Fi “ spanC8c pRqxx
iBxy, where i “ 1, 2. Then
RpF1q “ RpF2q “ pR
` ˆ R`q Y pR´ ˆ R´q Y tp0, 0u. But the differentiation of RpFiq with
respect to the pR ˆ Rq-diffeology gives the module generated by all vector fields on R which
vanish at 0.
b) Take M “ R with the foliation F “ spanC8c pRqxfBxy, where f is a smooth function vanishing
on R´ and which is no-where vanishing on R`. Then RpFq “
ď
xď0
tpx, xqu Y pR` ˆ R`q.
Its differentiation with respect to the pR ˆ Rq-diffeology never returns F , indeed it gives the
module generated by all vector fields on R which vanish on R´. But this module is not locally
finitely generated, so this diffeology cannot be holonomy-like.
It is not surprising that RGpBq with the subspace diffeology does not differentiate to B. In the case
of singular foliations, there may be more than one module of vector fields which induce the same
partition into leaves. However, for a singular foliation pM,Fq, the diffeological groupoid RMˆMpFq
with the M ˆM -diffeology depends only on the partition into leaves it induces on M , hence it does
not contain enough information to recover F by differentiation.
7.1.2 The path holonomy diffeology on the graph
Much more useful is the path-holonomy diffeology, i.e. the quotient diffeology induced by the
surjective map Φ: HGpBq Ñ ΦpHGpBqq (see Prop-Def. 4.4 b)). This diffeology is generated by
the plots Φ ˝ qU , where pU,ϕ,Gq is a bisubmersion in a path-holonomy atlas of B. With this
diffeology, the inclusion ι : RGpBq ãÑ G is a smooth morphism, since Φ˝ qU : U Ñ G is smooth. The
path-holonomy diffeology makes RGpBq into a diffeological groupoid.
The following two lemmas show that the path-holonomy diffeology is well-behaved.
Lemma 7.4. The path holonomy diffeology is holonomy-like (see Def. 4.19).
Proof. Let χ : O Ñ RGpBq be a plot, and e Ă O a submanifold such that χ|e : e Ñ χpeq is a
diffeomorphisms onto an open subset of 1M Ă R
GpBq. We can lift χ to a plot τ for HGpBq (i.e.
χ “ Φ ˝ τ) after shrinking O if necessary, by the definition of path holonomy diffeology. Notice that
τpeq is a bisection of HGpBq that carries the identity of G. Thus τpeq is contained in the set of units
of HGpBq, by the definition of holonomy groupoid (see the proof of Thm. 6.19 for more details).
HGpBq
Φ

O
τ
<<②②②②②②②②②
χ
// RGpBq O1
τ 1
bb❊❊❊❊❊❊❊❊❊
χ1
oo
16Here we are applying Def. 5.3 despite the fact that RGpBq with the G-diffeology might fail to be holonomy-like.
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Repeat this procedure for another such plot χ1 : O1 Ñ RGpBq satisfying χpeq “ χ1pe1q. Since
τ |e : eÑ τpeq and τ
1|e1 : e1 Ñ τ 1pe1q are diffeomorphisms onto the same open subset of 1M Ă HGpBq,
the fact that HGpBq is holonomy-like (Prop. 4.20) implies that there exists k : O1 Ñ O with
kpe1q “ e and τ ˝ k “ τ 1, after shrinking the domain if necessary. Composing both sides with Φ we
find χ ˝ k “ χ1.
Proposition 7.5. Endowed with the path holonomy diffeology, the graph RGpBq differentiates to B
(Def. 5.3).
Proof. We will show that B equals"
d
dλ
|λ“0cλ : tcλuλPI smooth family of global bisections for RGpBq s.t. b0 “ IdM
*
X ΓcpAGq.
Using this, it is clear that RGpBq satisfies Assumption 5.1, since HGpBq satisfies it and Φ is a smooth
groupoid morphism. Together with Lemma 7.4, this implies the claim.
“Ă:” Any α P B is of the form
d
dλ
|λ“0pΦ ˝ bλq for a smooth family of global bisections tbλu of
HGpBq, since the holonomy groupoid differentiates to B. Since cλ :“ Φ ˝ bλ is a smooth family of
global bisections of RGpBq, this inclusion is proven.
“Ą:” let tcλuλPI be smooth family of global bisections for RGpBq, such that α :“
d
dλ
|λ“0cλ lies in
ΓcpAGq. We have to show that α P B. To do this we use the fact that plots for R
GpBq locally lift to
plots for HGpBq, by the definition of quotient diffeology. Take a finite open cover tU iu of Supppαq
so that the restriction of tcλu to U
i lifts for every i, i.e. there is a smooth family of bisections tbiλu
for HGpBq such that Φ ˝biλ “ cλ|U i for all λ. Take a partition of unity ρi subordinate to this cover.
Since ρiα “
d
dλ
|λ“0cρiλ by the chain rule (exactly as in eq. (5.1)), it suffices to show that for all i
d
dλ
|λ“0cρiλ P B. (7.1)
Notice that biρiλ is a smooth family of bisections of H
GpBq (in particular for λ “ 0 its image is
contained in 1M , by the definition of holonomy groupoid). Since Φ ˝ b
i
ρiλ
“ cρiλ and the holonomy
groupoid differentiates to B, we deduce that eq. (7.1) holds.
By the following proposition, the graph RGpBq is generally fails to be an integral of B. Indeed, it
generally does not admit a generating set of plots consisting of open maps.
Proposition 7.6. The graph RGpBq, endowed with the path holonomy diffeology, in general does
not satisfy the openness condition b) in Def. 6.1. In particular, the graph RGpBq is generally not
an integral.
Proof. We prove the proposition by providing a counter-example. Let B “ F be the singular
foliation induced by the action of G “ S1 on M “ R2 by rotations. We show that the graph
RpFq Ă M ˆM does not have any plot which is an open map with the point p0, 0q P RpFq in its
image.
Let χ : O Ñ RpFq be a plot in the path holonomy diffeology and x P O a point mapping to p0, 0q.
We want to show that χ is not an open map. There is a (open) neighborhood Op1q of x and a
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plot rχ for the holonomy groupoid making this diagram commute, by definition of path holonomy
diffeology:
Op1q
rχ //
χ
##❋
❋❋
❋❋
❋❋
❋❋
❋ HpFq
Φ

RpFq
(7.2)
Notice that the holonomy groupoid HpFq is the transformation Lie groupoid G˙M , and the map
Φ is the target-source map pg, vq ÞÑ pgv, vq.
Take a connected open subset Gp1q Ă G such that Gp1q ˆM contains rχpxq. Define Op2q to be the
preimage of Gp1q ˆM under rχ|
Op1q . It is an open neighborhood of x in O, since rχ is continuous.
The following claim immediately implies that χ is not an open map, as desired.
Claim: χpOp2qq is not an open subset of RpFq.
Proof of claim: The claim is equivalent to the following, since RpFq is endowed with the quotient
topology: Φ´1pΦprχpOp2qqq is not an open subset of HpFq. Since by construction rχpOp2qq Ă Gp1qˆM ,
we have
Φ´1
´
ΦprχpOp2qq¯ Ă Φ´1 ´ΦpGp1q ˆMq¯ . (7.3)
The right hand side equals pGp1qˆMzt0uq
ž
Gˆt0u, since the G-action is free on Mzt0u and fixes
t0u. Notice that the left hand side contains G ˆ t0u. Pick g P GzGp1q. Then pg, 0q lies in the left
hand side but due to (7.3) does not admit any (open) neighborhood in HpFq lying in the left hand
side. △
‚pg, 0q
Figure 1: The point pg, 0q lies on the subset pGp1q ˆMzt0uq
ž
Gˆt0u (in purple color) of G˙M .
Here M is represented as a interval, for easiness of drawing.
We finish highlighting properties of the diffeological groupoid HGpBq that are not shared by RGpBq.
• Integrals: We saw that HGpBq is an integral of B, while RGpBq is not in general (Thm. 6.19
and Prop. 7.6).
• Smoothness: In the regular case, i.e. when B comes from a wide Lie subalgebroid B Ă AG,
the holonomy groupoid HGpBq is smooth, while in general RGpBq fails to be a Lie groupoid
integrating B.
• Dimension of source-fibers: The dimension of the source-fibers of HpBq is upper semicontinu-
ous, i.e. locally it can not increase. In contrast to this, the dimension of the source-fibers of
RpBq is lower semicontinuous, as is apparent in the case of singular foliations.
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• Holonomy transformations: It was shown in [4] that the holonomy groupoid HpFq of a singular
foliation has a canonical injective morphism into the groupoid of holonomy transformations.
The latter are the germs of diffeomorphisms between (fixed) slices transverse to F , modulo a
certain equivalence relation. The injectivity implies that this morphism does not descend to
any (non-trivial) quotient of HpFq, in particular not to RpFq.
These statements extend to any singular subalgebroid of a Lie algebroid AG, by taking the
slices as follows: the slice through a point x PM is contained in the source-fiber s´1pxq Ă G
and is transverse to the evaluation of B at x. For more details see [26].
7.2 The graph as image of arbitrary integrals
Let B be a singular subalgebroid of a Lie algebroid AG. We show that for all integrals of B, the
image of the natural map to G is always the same, namely the graph RGpBq. We provide an
assumption under which the diffeology on the image induced by the quotient integral coincides with
the path-holonomy diffeology introduced in §7.1.2. We do now know if the assumption is always
satisfied or not; this question is related to the question of whether the holonomy groupoid is a
minimal integral.
Proposition 7.7. Let pH,Ψq be an integral of B over G. Then ΨpHq “ RGpBq.
In the proof of this proposition, the inclusion “Ą” makes essential use of the almost injectivity
condition c) in Def. 6.1, and the inclusion “Ă” of the openness condition b) there.
Proof. “Ą”: Since pH,Ψq is an integral, by Cor. C.2 it satisfies Assumption C.3. Recall that
Assumption C.3 requires for every x P M to choose a neighborhood, which we denote Vx. Endow
RGpBq with the quotient topology induced by Φ: HGpBq Ñ RGpBq.
Claim: There is a neighborhood U of 1M in R
GpBq such that for every g P U there is α P B with
g P exp1M p
Ñ
αq and Supppαq Ă Vspgq.
Proof of claim: Let x P M , and denote by L Ă M the leaf of B through x. Assume first that L
is embedded. Consider the transitive Lie algebroid BL over L introduced in Lemma 1.7, which is
characterized by ΓcpBLq – tα|L : α P Bu. It integrates the (transitive) Lie groupoid R
GpBqL. It is a
general fact about Lie groupoids that there is a neighborhood of 1L in R
GpBqL such that every point
g there lies on exp1Lp
Ñ
a q for some a P ΓcpBLq [16, §4, page 16]. We will use the following stronger
statement [28, Lemma 5.2]: for every neighborhood V Lx of x in L there is an open neighborhood
Ux of 1x in s
´1
RGpBqLpxq such that any point q P Ux lies on exp1Lp
Ñ
a q for some a P ΓcpBLq with
supppaq Ă V Lx . We apply this to V
L
x “ Vx X L. There exists α P B with α|L “ a, which can be
chosen so that Supppαq Ă Vx. By construction, g P exp1M p
Ñ
αq.
If the leaf L is not embedded in M , we can apply the argument above to a neighborhood Lx Ă L
which is an embedded submanifold of M . To finish the argument, take U to be a neighborhood of
1M contained in YxPMUx Ă RGpBq. △
Now let g P U Ă RGpBq be as in the claim. By Assumption C.3 there are N P N and a 1-
parameter family tbλuλPr0, 1
N
s of global bisections of H mapping to texp1M pλ
Ñ
αquλPr0, 1
N
s under Ψ.
In particular, for x :“ spgq, we have Ψ
´
b 1
N
pxq
¯
“ expx
ˆ
1
N
Ñ
α
˙
, and taking the N -th power we
see that expxpαq “ g P ΨpHq. Since the groupoid R
GpBq is source-connected, the desired inclusion
ΨpHq Ą RGpBq follows.
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“Ă” We proceed as in the proof of Prop. 6.6. By the openness condition b) in Def. 6.1 we can
apply Prop. 4.23 ii), hence there is a neighborhood H˘ of the identity 1M in H such that for all
h P H˘ there is a 1-parameter family17 of global bisections tbλuλPr0,1s with h P b1. Let h P H˘ and
tbλuλPr0,1s be as above. For every fixed λ0 P r0, 1s consider tbµ`λ0 ˚ b
´1
λ0
uµPIµ where Iµ is an open
interval containing zero. It is a 1-parameter family of bisections of H. Since H differentiates to B,
we therefore have
d
dµ
|µ“0
´
Ψ ˝ pbµ`λ0 ˚ b
´1
λ0
q
¯
P pB.
Since Ψ is a groupoid morphism, the left hand side equals
d
dµ
|µ“0RΨ˝b´1
λ0
pΨ ˝ bµ`λ0q “ pRΨ˝b´1
λ0
q˚
d
dλ
|λ0pΨ ˝ bλq
where R denotes right-translation on G. Since
Ñ
B is right-invariant, from this we conclude that
d
dλ
|λ0pΨ ˝ bλq is the restriction of an element of
Ñ
B to Ψ ˝ bλ0 . In particular, for x :“ sHphq, the
curve r0, 1s Q λ ÞÑ pΨ ˝ bλqpxq is tangent to
Ñ
B, so its endpoint Ψphq lies in RGpBq.
We now address diffeological structures. Thanks to Prop. 7.7, we know that ΨpHq agrees RGpBq “
ΦpHGpBqq as a set, so the assumption of the following statement is reasonable.
Proposition 7.8. Let pH,Ψq be an integral of B over G. Assume that there is a subduction π to
the holonomy groupoid such that the following diagram commutes:
H
Ψ
""❋
❋❋
❋❋
❋❋
❋❋
❋
pi

HGpBq
Φ
// G
Then the quotient diffeology on ΨpHq (induced by Ψ: H Ñ ΨpHq) agrees with the path-holonomy
diffeology.
We recall from [15, Ch. 1.46] what it means that π : H Ñ HGpBq is a subduction: it means that
π is a surjective map and that the quotient diffeology induced by it coincides with the diffeology on
HGpBq. The latter property can be phrased as follows, see Prop-Def. 4.4: for any plot χ for HGpBq
and any point r P Oχ in its domain, there is an open neighborhood V and a plot χ
1 : V Ñ H so
that χ|V “ π ˝ χ
1.
Proof. By definition, the path-holonomy diffeology is the quotient diffeology obtained from the
surjective map HGpBq Ñ ΦpHGpBqq “ RGpBq. The quotient diffeology is well-behaved under
composition [15, §1.45], so the commutativity of the above diagram implies the statement.
17We clarify what we mean by 1-parameter family parametrized by the closed interval r0, 1s: by definition, this
means that there is an open interval I containing r0, 1s and a (smooth) 1-parameter family defined in I extending
tbλuλPr0,1s.
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A Proof of Theorem 2.1
We prove Theorem 2.1. We first need some preliminary work. Let pU,ϕ,Gq be a bisubmersion for
B. We consider
Ñ
U :“ U ˆsU ,t G and maps
Ñ
s :
Ñ
U Ñ G, pu, gq ÞÑ g
Ñ
t :
Ñ
U Ñ G, pu, gq ÞÑ ϕpuqg
It was shown in [27, Prop. B.1] that p
Ñ
U,
Ñ
t ,
Ñ
s q is a bisubmersion for the foliation
Ñ
B.
Lemma A.1. If pU,ϕ,Gq is a path-holonomy bisubmersion for B, then p
Ñ
U,
Ñ
t ,
Ñ
s q is a path-holonomy
bisubmersion for
Ñ
B.
Proof. Let x P M and α1, . . . ,αn P B such that rα1s, . . . , rαns span B{IxB. Then α1, . . . ,αn are
generators in an open neighborhood V , and we denote by pU,ϕ,Gq the corresponding bisubmersion
(see Def. 1.11, in particular U Ă Rn ˆM is open). Then
U ˆsU ,t G “ tppλ, xq, gq : tpgq “ x where pλ, xq P U, g P Gu – tpλ, gq : λ P R, g P G, pλ, tpgqq P Uu
is an open subset of Rn ˆG. Under this identification, we have
Ñ
s pλ, gq “ g and
Ñ
t pλ, gq “ exptpgqp
ÿ
λi
Ñ
αiqg “ expgp
ÿ
λi
Ñ
αiq,
using in the last equality the right invariance of the vector fields
Ñ
αi. In other words, p
Ñ
U,
Ñ
t ,
Ñ
s q is the
path-holonomy bisubmersion induced by the generators
Ñ
α1, . . . ,
Ñ
αn of
Ñ
B on the open t´1pV q Ă G
(they are really generators there by Lemma 1.6).
Proof of theorem 2.1. For any x PM , choose a basis trαisuiďn of B{IMx B, and let V a neighborhood
in M such that tαiuiďn generates B|V . Covering M by such open subsets Vj we obtain path-
holonomy bisubmersions pUj , ϕj , Gq, and the atlas (for B) they generate, which we denote by U
G,
consists of all the finite compositions of the Uj ’s. (Notice that the inverse to each Uj is isomorphic
to Uj , by Lemma 1.13.) So H
GpBq “ p
ž
UPUG
Uq{ „.
Due to Lemma A.1, for every path-holonomy bisubmersion pU,ϕ,Gq of B, the triple p
Ñ
U,
Ñ
t ,
Ñ
s q where
Ñ
U :“ U ˆsU ,t G, is a path-holonomy bisubmersion for the foliation
Ñ
B. The
Ñ
U j’s generate an atlasÑ
U for the foliation
Ñ
B. So Hp
Ñ
Bq “ p
ž
UP
Ñ
U
Ñ
Uq{ „
We make more explicit the multiplication in Hp
Ñ
Bq. Let U,U 1 P UG. There is a canonical isomor-
phism of bisubmersions
Ñ
U ˝
Ñ
U 1 “ pU ˆsU ,t Gq ˝ pU
1 ˆsU 1 ,t Gq – pU ˝ U
1q ˆsU 1 ,t G “
ÝÑ
U ˝ U 1 (A.1)
given by pu, gq, pu1, g1q ÞÑ ppu, u1q, g1q. This shows that for any element V of UG (so V is a composition
of path-holonomy bisubmersions), the corresponding
Ñ
V lies in the atlas
Ñ
U .
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We define the map
τ : HGpBq ˆsH ,t GÑ Hp
Ñ
Bq, prus, gq ÞÑ rpu, gqs, (A.2)
where rus P HGpBq is the class of the element u of some bisubmersion U P UG. Notice that
pu, gq P
Ñ
U .
Claim: The map τ is a well-defined.
Let pU,ϕ,Gq and pU 1, ϕ1, Gq be in UG, and u0 P U and u10 P U
1 be equivalent points. This means
that there exists a morphism18 of bisubmersions f : U Ñ U 1 with fpu0q “ u10. Then we obtain a
map
Ñ
U “ pU ˆsU ,t Gq Ñ
Ñ
U 1 “ pU 1 ˆsU 1 ,t Gq, pu, gq ÞÑ pfpuq, gq,
which is a morphism of bisubmersions for
Ñ
B. Hence rpu0, gqs “ rpu
1
0, gqs. ▽
Claim: The map τ is a homeomorphism.
The map τ is surjective since every bisubmersion in
Ñ
U arises from one in UG, by eq. (A.1). To show
that τ is injective, take equivalent points in
Ñ
U and
Ñ
U 1. They are necessarily of the form pu0, g0q and
pu10, g0q where u0 P U, u
1
0 P U
1, g0 P G. We have to show that ru0s “ ru10s. There is a morphism of
bisubmersions
Ñ
U Ñ
Ñ
U 1 mapping pu0, g0q to pu10, g0q. It is necessarily of the form pu, gq ÞÑ pF pu, gq, gq
where F :
Ñ
U Ñ U 1 satisfies ϕ1pF pu, gqq “ ϕpuq. Now define f : U Ñ U 1 by fpuq “ F pu, cpsU puqqq
where c : M Ñ G is a section of the target map t through g0. Then ϕ
1 ˝ f “ ϕ, i.e. f is a morphism
of bisubmersions for B, and fpu0q “ F pu0, g0q “ u
1
0. Hence ru0s “ ru
1
0s.
Finally, τ is a homeomorphism, since it is induced by the identity maps on U ˆsU ,t G “
Ñ
U for all
U P UG. ▽
Claim: The map τ is groupoid morphism over IdM .
Let pU,ϕ,Gq P UG and u P U and take prus, gq P HGpBqˆsH ,tG. Its source and target are the same
of those of τprus, gq “ rpu, gqs P Hp
Ñ
Bq, namely g and ϕpuqg “
Phiprusqg respectively. To show that τ preserves the product, we notice that
prus, gqpru1s, g1q “ prusru1s, g1q “ pru ˝ u1s, g1q P HGpBq ˆsH ,t G,
while eq. (A.1) shows that
rpu, gqsrpu1 , g1qs “ rpu ˝ u1, g1qs P Hp
Ñ
Bq.
B An alternative proof of Proposition 3.3 b)
In the main text, Prop. 3.3 b) was proven relying on the smoothness results of §2.3. Here we
sketch a proof of Prop. 3.3 b) which instead uses that the holonomy groupoid is a quotient of a Lie
groupoid, as in Prop. 1.21.
18Actually, f is defined only on an open neighborhood of u0 in U . Here and below, we will be not write this
explicitly in order not to overburden the notation.
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Let B be a projective singular subalgebroid of A, and denote by B the associated almost injective
Lie algebroid. The proof we sketch here is exactly the proof exhibited in [27, Prop. 3.18] for the
special case that B is a wide Lie subalgebroid, upon the following modifications (using the notation
of [27, Prop. 3.18]):
• B is an integrable Lie algebroid.
Indeed, the isomorphism ΓcpBq – B is induced by an almost injective Lie algebroid morphism
τ : B Ñ A. Recall [8, Def. 3.1] that for every x P M , the monodromy group NxpBq consists
of elements v in the center of the isotropy Lie algebra such that the constant B-path v
is equivalent to the constant B-path 0x, and similarly for A. The Lie algebroid morphism τ
maps NxpBq into NxpAq, since the equivalence of B-paths is defined in terms of a Lie algebroid
morphism T r0, 1s2 Ñ B, and similarly for A. Since A is an integrable Lie algebroid, by [8,
Thm. 4.1] for every x PM there is a neighborhood U Ă A such that UXN pAq is contained in
the zero section, where N pAq :“ YxPMNxpAq. We claim that there is an open neighborhood
of x in τ´1pUq Ă B which has the same property. This follows from two facts. First, from [8,
Thm. 5.10], which states that nearby x every element of NxpBq can be extended to a smooth
section of B lying in N pBq. Second, from the fact that τ : B Ñ A is fiberwise injective on a
dense subset of M .
• Let K be the s.s.c. Lie groupoid integrating B, and Ψ: K Ñ G the Lie groupoid morphism
integrating τ : B Ñ A. Let
I :“ tk P K : D a local bisection u through k such that Ψpuq Ă 1Mu.
Then there exists a neighborhood V Ă K of 1M such that I X V “ 1M .
Indeed, for all x belonging to a dense subset of M , τx : Bx Ñ Ax is injective and therefore
the integrating Lie groupoid morphism Ψ satisfies that the restriction s´1K pxq Ñ s
´1
G pxq is an
immersion at x an therefore injective in a neighborhood of x.
• The Lie groupoid K{I integrates B.
Indeed, K does and I is an s-discrete subgroupoid.
• The canonical map Φ: HGpBq Ñ G agrees with the map K{I Ñ G induced by Ψ, by Prop.
1.21, and the latter integrates the almost injective Lie algebroid morphism τ : B Ñ A because
Ψ does.
C Rephrasing Assumption 5.1 as a liftability condition
In Def. 6.1 about integrals of singular subalgebroids, the differentiation condition a) contains
in particular Assumption 5.1. Here, for integrals, we give an equivalent characterization of this
assumption in terms of the liftability of 1-parameter groups of global bisections of G, see Corollary
C.2.
The following lemma addresses when bisections of G can be “lifted” via Ψ.
Lemma C.1. Let G be a Lie groupoid, H be a diffeological groupoid, and Ψ: H Ñ G a smooth
morphism of diffeological groupoids covering IdM , satisfying the almost injectivity condition c) in
Def. 6.1.
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i) There exists a neighborhood H˘ of the identity inH with the following property: for all bisections
c of G, if there exists a bisection of H˘ mapping to c under Ψ, then it is unique.
ii) Let α P ΓcpAGq, consider the corresponding 1-parameter group cλ :“ exp1M pλ
Ñ
αq of global
bisections of G. Assume that there is a 1-parameter family tbλuλPI of global bisections of H
mapping to tcλuλPI under Ψ. Then tbλuλPI is a 1-parameter group, shrinking I to a smaller
open interval if necessary.
iii) For all α P ΓcpAGq, the following two conditions are equivalent:
a) There is a 1-parameter group tbλuλPI 1 of global bisections of H such that
d
dλ
|λ“0pΨ ˝
bλq “ α.
b) There is a 1-parameter family tbλuλPI of global bisections of H mapping to texp1M pλ
Ñ
αquλPI
under Ψ.
Proof. i) Take H˘ to be a symmetric neighborhood of the identity such that H˘ ¨ H˘ Ă
˝
H. Let b
and b1 be bisections of H˘ with Ψpbq “ c “ Ψpb1q. Then b ˚ pb1q´1 is contained in
˝
H, and
maps to the identity bisection of G under Ψ. Thus property c) in Def. 6.1 implies that b “ b1.
ii) When λ, µ, λ` µ P I we compute
Ψpbλ ˚ bµq “ Ψpbλq ˚Ψpbµq “ cλ ˚ cµ “ cλ`µ “ Ψpbλ`µq.
Shrinking I if necessary, we can assure that bλ ˚ bµ and bλ`µ lie in H˘. Item i) then implies
that these two global bisections agree. Together with b0 “ 1M , this shows that tbλuλPI is a
1-parameter group.
iii) Assume a). Since tbλuλPI is a 1-parameter group and Ψ is a groupoid morphism, tΨ ˝bλuλPI
is also a 1-parameter group. Hence it agrees with texp1M pλ
Ñ
αquλPI , by the uniqueness of
1-parameter groups of bisections with initial velocity on a Lie groupoid.
Conversely, assume b). Using item ii), condition a) follows, for some open subinterval I 1 Ă I.
The following corollary19 is an immediate consequence of Lemma C.1 iii).
Corollary C.2. In the Def. 6.1 of integral, the requirement that Assumption 5.1 is satisfied can be
equivalently replaced by Assumption C.3 below.
Assumption C.3. For every x PM there is a neighborhood V with this property:
For all α P B with Supppαq Ă V ,
there is a 1-parameter family tbλuλPI of global bisections of H mapping to texp1M pλ
Ñ
αquλPI under Ψ.
19Notice that the openness condition b) in Def. 6.1 is not used to obtain this corollary.
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